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The following pages have been designed with the view of 
placing before the young Student, in a simple and concise 
form, all the most important rules of Plane and Spherical 
Trigonometry, and to afford him a clear and intelligible 
exposition of the principles upon which those rules are 
founded ; and although, for the sake of convenience, the 
:theoretical parts of these subjects have been first con- 
sidered, yet, where it is necessary that the Student should, 
in the first instance, confine himself to the practice, it will 
.suffice that he make himself acquainted with the contents 
of the first four pages, and with the Chapter on Loga- 
rithms, working out the Examples as far as Division : he 
may then proceed with the practical Solution of Triangles, 
taking the rules either as they come, or in any other order 
that may be deemed expedient ; after which, he can direct 
his attentioii to tlie remaining portions of the book. 



PLANE TKIGONOMETRY, 



CHAPTEE L 

1. Plane Trigonometry* ia that branch of Mathematics 
which treats of the measurement of the sides and angles of 
plane triangles. 

2. A triangle consists of six parts, viz., three aides and 
three angles. The numerical values of any three of these 
parts being given, provided that one of them is a side, 
the values of the remaining parts may be found by Plane 
Trigonometry. 

3. This science, while retaining the name that limits it to 
the triangle, now embraces all figures that may be divided 
into triangles, and all cases in which angular measurement is 
the subject of investigation. 

4. An angle, according to the Geometrical definition, 
cannot exceed two right angles, but in Trigonometry it may 
have any value whatever. 



• Trigonometry is derived from two Greek words, trigonon 
1 triangle, and metreo I measure. 
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For let C V, start- 
ing from CA, revolve 
about the fixed point 
Cj then the point P 
will describe a circle. 
Let A A', BB'jbe two 
diameters at right 
angles to eacli other. 
Then we say that when 
CP has arrived at CB 
it has described one 
■^' right angle, when at 

CA' two, when at CE' three, and when it haa returned to 
C A, four right angles. If, now, we suppose it to revolve 
still further to V, midway between A and B, it has described 
four and a-half right angles, and if we suppose C P to be in 
its Ikird revolution, it will have described eight and a-half 
right angleSj and so on. 

5. Angles may be measured by arcs of circles ; for it is 
obvious that while C P is generating the angle A C P, the 
point P is tracing out the arc A P, and if A C P increase till 
it becomes a right angle as A C B, the are A P will become 
the quadrant A B, or when AC P becomes a right angle, or 
fourth part of the angle that can be formed round C, the arc 
A P becomes a quadrant, or fourth part of the circumference 
of the circle. Hence it is said that angles are measured by 
■res of circles, and it is evident that if we divide any angle as 
A C P into degrees, &c., by lines from C, the are A P will be 
Biniilai-ly divided, and thus the degrees, Sec, contained in the 
angle A C P may be ascertained and read oCT by the divisions 
on the arc A P. 

6. The circumference of the circle is divided into 360 equal 
parts, called degrees ; the degree is divided into 60 equal parts 
called minutes, and the minutes into 60 equal parts called 
leconda : they are expressed by the symbols ° ' ". Thus 
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when an angle ia written as 20° 30' 40", we mean that it 
contains 20 degrees, 30 minutes, 40 seconds. 

7, A right angle, being the angle measured by a quadrant, 
contains go". 

8. In Trigonometry an angle ia frequently denoted by a 
single letter; thus we should denote PCN by C, CPN 
by P, and so on. 



The Trigonometrical Ratios. 

9. The Trigonometrical Ratios of an angle are the relations 
to each other of certain straight liues connected with the 
angle, by means of which, expressed in numbera, the magni- 
tude of the angle may be ascertained. 



10. Thus in the fig., sup- 
pose C P revolving upwards 
from C N, to have traced out 
the angle PCN, containing a 
number of degrees, fee, which 
we may denote by A, and from 
P let fall the perpendicular 
PN on NC, then will PCN 
be a triangle, right-angled at 
N, whose hypotheneuac is C P, perpendicular* P N, and base 




• The perpendicular is the side opposite to that angle of 
which we wish to express any of the trigonometrical ratios. 
Thus with respect to P, C N must be considered as the per- 
pendicular, and P N as the base of the triangle. 

B 2 
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C N ! from which wc form the following trigonometrical 



called Sine A. 



Coaitii 



ratios of the angle A, viz. :- 
PN pern, 

OT — — —- 

CP hypoih. 

CN base 

CP' °^ hyp. 
PN perp. 

CN °' base 
CN base 

PN perp. 

'^ ov Ml 
CN Aase 

CP hyp. 

or — ■ — 

PN perp. 

Also r — Oca, A, called Versine A. 

For the sake of brevity, these ratios are usually written — 

Sin. A, Cos. A, Tan. A, Cot. A, Cosec. A, and Vers. A. 



Tangent A. 
Cotangent A. 
Secant A. 
Cosecant A. 



II. So long as the magnitude of the angle remains un- 
altered, its sine, cosine, &c., will be the same, whatever be the 
magnitude of C P. 

For let P' be any 
other poiat in CP", and 
let fall the perpendicular 
P'N', 

PN 




Then Sin. A = 



'CP' 
P'N' 



P'N' 
CF 



because the triangles P C N, FCN' are similar 

> • . Sin. A ia the same wherever in the line C P the point 
P is taken. The same is true of the cosine, tangent, &c. 



J 
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12. The meaning of the names, sine, cosine, &c., wiE be 
BCLii more distinctly from another mode of de&aing them< 



In tlie accom- 
panying figure, let 
the diameters A A', 
DD', cut each other 
at right angles, and 
draw C P, making 
any angle ACP; 
also draw PN per- 
pendicular to A C, 
and the tangents 
AT, DS, meeting 
C P, produced in T 
and S, then — 




The line PN Ib the Sine of s 



AT 


, Tangent „ 


CT 


, Secant 


DS 


, Cotangent,, 


CS 


Cosecant „ 


» AN 


, Versine „ 



If we call the radius of the circle i, then will 
AN = i-CN, or Vers. = i-Cos. 



Hence we have some indication of the origin of the terms 
sine, cosine, &c. The word sine appears to be derived from 
the Latin word sinus, a boaom. Imagine the figure of an 
archer at P N. Then the arc AP may be supposed to repre- 
sent his bow, and thns will get its name j its string, i.e., the 
line joining A P, and which is also called the chord of the 
arc, wonid come against the breast (sinus) of the archer. 
The word tangent is derived from the Latin iangere, to touch. 



d 
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because it touches the circle, as A T ; and secant, from 
aecare, to cut, because it cuts the circle, as C T. By cosine 
is meant the sine of the conaplemeut; and by cotangent, the 
taugent of the complement, &c. 

13. The Complement of an angle is its defect from go'', 
and is written 90** — A. 

Thus the complements of 45°; 50°; 60" 10' 30"; and 
yo" 18' 10" are 45° ; 40° ; 29° 49' 30" ; and 19" 41' $o". 

From fig. p. 3, P being the complement* of C, it will be 
seen that the cosine, cotangent, and cosecant are, respectively, 
the sine, tangent, and secant of the complement ; for^ 



Cos. A 



CN 

"CP' 



and Sin. (90°— A) = 



CN 
CP' 



-•- Cos. A = Sin. (go° — A). 
Similarly, Cotan. A = Tan. (90° — A) 

and Cosec. A. ~ Sec. (90° - A). 

In the same way we may prove that Sin. A = Cos. (90"— A), 
Tan. A = Cot. (go° - A), and Sec. A = Cusec. (90° — A). 

The Supplement of an angle is its defect from iSo°, and 
is written 180° — A. 

Thus the supplements of 120°; 130° 10' 40"; 50* 16' 45"; 
and 145" 10' 13"; are 60"; 49*49' 20"; 129° 43' 15"; and 
34° 49' 48". 



I C = c 

uiher. 



* For since N is a right angle, and the three interior 
angles of a triangle are equal to two right angles [Euc. 
Bk. I, p. 32), therefore P + C = 90°, or P = 90° - C, and 
C = 90° — P, i.e., P and C are the complements of each 
uiher. 
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Seciprocals. 

14. The reciprocal of a ratio is that ratio inverted; thus : 



The reciprocal of the Sine is 



ff 



99 



99 



}? 



99 



Cosine is 



Tangent is 



hyp. 
perp, 
hyp. 
base 
base 
perp. 



or Cosecant. 



or Secant. 



or Cotangent. 



, Cotangent is 4^' or Tangent. 

base 



Secant is 



Cosecant is 



base 
hyp. 
perp, 
hyp. 



or Cosine. 



or Sine, 



The reciprocal of a ratio may also be defined to be a 
fraction whose numerator is unity, and whose denominator is 
the given ratio; so that the reciprocals of the sine, cosine, 

&c., may be written as — — , - — : — , &c. 

Sme Cosine 

15. To prove that the reciprocals of the sine^ cosine and 
tangent of an angle are respectively equal to the cosecant , 
secant and cotangent. 

By fig. p. 3— 

I I CP 



Sin. A 



Cos. A. 



Tn 



PN 




PN 


CP 






I 

CN 


= 


CP 

CN 


CP 






I 


^ 


CN 



= Cosec.A. 



(0 



= Sec A. 



(2) 



Tan. A 



PN 

CN 



PN 



SB Cot. A. 



(3) 
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Convbrsely, we may prove that 

j5ji^ = Sin.A.(4). -5;i^=C™.A, (s) 

Or, that the reciprocals of the cosecant, necant and cotangent 
are respectively equal to the sine, cosine and tangent. 

^ The above formulae and the three following, which 
are proved in a similar raannerj should be carefully committed 
to memory : — 



Tan. A* 



Cos. A ' 



' SiD.A" 



l6. To simplify an expression hy reducing it to an integral 



form. 

Ex. I. Reduce 



Cos. A ' Tau. A 



to an iutegral form. 



■ ' Sin. A Cob. A Tau. A 
an integral expression. 

jE*. 2. Reduce 
(i-Cus.A). Sin.^B Cos. A 



Cosec. A . Sec. A . Cot. A, 



- Vers. A 



Cosec. B.Vers. A 



to an integral form. 



(1-Cos. A)Sin.'B Cos. A 

I - Vera. A ' Cosec. B . Vers. A 
Vers. A.Sin.'B Cos. A 



Cos. A 
Siu-^B 



' CoKCC. B .Vera. A 
Sin.^B.Sin. B= Sin.'B. 
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Examples for Practice. 

17. Reduce to an integral form each of the following 
expressions : — 

;c. A 



(I) 



Sec. A 
I 


Cmec 


A 


Sin 

I 
SS" 


A.Coa.A" 
— .Cot. A 




Vl 


— S 


in.'A 






(10) 

(") 

(12) 
(13) 

(14) 

(IS) 



I —Vers. A* 
Sec.'A.Tan. B 

I— Vers. A 
(r-Vers.A)Tan.B 
See. A. 

Tan.A.Cot. A.Sec.A 
I —Vera, A 
Cos.B 



Sin.^C.Cos.^D 
Sin. A 

(I — Vera. A) Cot. ''A 



. -. Cos.A.Sin.B-Co3.'A.Siii.B 
^^ ' Ca8.A.Ver8.A.Co8.B 



(8) 



Sm.A. Cos.B. 'I'an C 



(9), 



(17) 

(18) 



Vers.A.Coa.B 

Coa.B-Sin.'^A.Coa.B 



(i) CoB.A.Siii.A. 

(2) Coaec.A.Sec.A. 

(3) Cob. A. Cot. A 

(4) Cot. A. 

(5) Sin. A.Cosec. B. 

(6) Cos. A. Tan. B. 

(7) Sm.^A.Tan.'B. 

(8) Cosec.A.Sec. B.Cot.C. 
I (9) Sin.*A. 



(10) Sec.'A. 

(11) Sec.^A.Tan.B. 

(12) Co3.*A.Tan. B. 

(13) Sec' A. 

(14) Cos. B.Cosec.'C.Sec'D. 

(15) Tan.^A. 

(16) Tan.B. 

(17) Tan.B. 

(18) Cos.B.Sin.'A.Coa.'A. 



4 
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Simplification of Dxpressions. 

„ „. ,.- ^., . Tan A. Cot. A 

Ex. I. Simplify the expression — ^q — . 

EipreBsing all the ratios involved in terms of sine and cosine, 
we have 

Sin. A Cos. A 
Tan.A.Cot.A CosTa ' Sii^ 



Cosec.A. 



= Sin. A. 



Ex. 2. Simplify tlie expression 



Siu.A Kin. A 

Tan.A-Sin.A 



Sin. A 

Tan. A— Sin. A _ Cos. A 

L ^S^K " T; 

^^^^ 18. 



:.A-Sin.A.Cos.A 



Sin.A-Sin.ACos.A 
Cos. A 

l-Cos.A = Vers. A. 



Sin. A 
Cos. A 

Cos. A 

sbTX 



Examples for Practice. 
18. Verify the following expressions : — 

(1) Cos.A.Tan.A = Sin.A. 

(2) Tan.A.Cot.A = i. 



(3) 



Sec. A 



: Tan. A. 



Sec. A 
Tan. A 
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^^ C^ ■ CosecA. 

(7) Tan. A -Sin. A ^y . 

^' Tan. A vers. A. 

. V Cot. A _ 

/ X Sin. A. CosecA _, . 

/ V Sin. A. CosecA _, ^ . 

("^ Tan. A . = ^°*-^ 

, V Sin. A. CosecA « . 

^'^^ c^Ta = ^«<'-^ 

Ato\ Cos. a. Sec. a ^ 

^^^^ Sin. A =" CosecA. 

.V CosecA — Cot. A 

^'^^ — c^si^n — = ^^'^•^ 

,_. Tan. A. Co t. A ^f- a 

^'5) Cosec A = Sm.A. 

, ^ Tan. A. Cot. A ^ 

('^ Sec A = COS.A. 

/,_v Cos. A _ 

^'^' Sin.A.Cot.«A = ^^•^• 

^'^^ Cos. A°Taii.«A = ^°^^ 

<^°> ^l^ = Vers.A, 

(21) I^iCotM^ 

^ '' I -Vers. A oec«-a.. 
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Siu.B(i-VerB.A) 
^^^^ Cos.»A 

Co8.A-Cos.'A 
^^^' Sin. A - Sin. A. Cos. A 



= Sin.B.Sec.A. 



(24) Giveu Sin, a:,Co3. A = Sin. A; find the value of 
Sin. ;r. 

Sin.a?.Cos.A = Sin.A 
Dividing the equation by Cos. A, 



(25) Given Sio.a^.Cos. A = Tan.B.Sin. A; find Sin.x. 

Jns. Sin. a; = Tan. B. Tan. A. 

(26) Given Cot.*.Tan.0= Sin. ^.Coa. 0; find Cot.*. 

Ans. Cot, 3: = Cos. d.Coa. 0. 

{27) Given Sin.A.Tan.B =Cot.C.Taii.D;findSin.A, 
Ans. Sin. A = Cot B . Cot. C.Tan. D. 

(2S) Given Cos. Jf. Sin. A= Coa.A; find Cos. arandSeca:. 
Ana. Cos. x = Cot. A and Sec. x = Tan A. 

(29) Given Cos. n = Cos. 6.C03. c; find Cos. ft. 

Ans. Cos. 6 = Cos. o. Sec. c. 

(30) Given Cos. a = Cot. B . Cot. C ; find Cot. C. 

Ajis. Cot C = Cos. a.Tan. B. 

(31) Given Cos. B = Cot. a.Tan. c; find Cot. o. 

Arts. Cot. a = Cos. B . Cot. c 
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ig. To prove that Sin.*A + Cos.'A = I. 




In the right-angled 
triangle C P N, we 
have, by Euclid, 
Book I, Prop. 47 : 



PN^ + CN^sCP*. 



K 



Dividing this Equation by CP*, 

(PN\* 
1 
CP/ 

or, Sin.«A + Cos.^A 



*{W 



s /CPV _ 

Vcpy 



I. 



= I. 



(9) 



Prom which formula^ by transposing and taking the 
square root, we obtain 



Sin. A=-v/i— Co8.^A (10), and Cos.A=y/i— Sin.^A. (n) 

20. To prove that 

Sec'A = I + Tan.«A, and Cosec.'A as i + Cot.«A. 
From the fig. CP^ = CN^ + PN«. 

or, Sec'A = i + Tan.»A. (12) 

Again, since CP» = PN« + CN» 

TNV 



•• VpNy " \PN/ ■*■ VPN/* 



or, 



Cosec'A = I + Cot.»A. 



(13) 



23. To express all the trigonometrical ratios in terms oj 
the Sine, 

By (9) Sin.'A + Cos.»A = I, 

.-. Cos. »A= i-SiDM, 
and Cos. A = iy'l 
Sin. A 



Tan. A = 



Cos. A 



Sin. A' 
Vers. A = r — Cos. A 



/I -f 


iii.'A. 
Sin. A 


-v/ 


-Sin.'A 


.v 


- Sin.'A 




Sin. A ■ 
I 


-v/1 


- Sin.'A 



l+^l ~ Sin.«A. 



In a similar manner, express all the trigonometricai ratioi 
in the terms of the Cosine. 

Answers. 

Sin. A = 



:^l - Cos.*A. 


Sec. A =7; 7- 

Cos. A 


-v/i - CoB.^A. 


^ . I 


Cos. A. 
Cob. a. 


f.G.cc.A 1^, _Cos.«A. 


-v/:-Cd«.»A. 


Vera. A - i - Cos. A. 
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23. On the Use of the Signs + and — in Trigonometry. 



Let A O B, C O D be two 

straight lines iuteraecting 

each other at right angles in 

the point 0, the former 

being horizontal, the latter 

vertical. Those lines raea- "5 ' 

aured from O along A and 

C, i.e., to the riyht and 

upwards, are called positive 

{+) ; those measured along I 

OB and OD, i.e., to the left 

and downwards, are called negative ( — ). Also of all lines 

that can be drawn parallel to A O B, those parts are positive 

which are to the right of C D, and those are negative which 

are to the left. Similarly, of those lines which may be 

drawn parallel to GOD, the parts which arc above A B 

are positive, and those which are below are negative. 



24. Again, suppose the line 

O P, by its revolution about 

upwards from O A, to describe 

the angle A OP, and let the 

angles described in this manner 
■ be considered positive. Then if 
I the line revolve downwards from 
I OAjtodescribetheangleAOP', 

this angle will properly be ac- 
counted negative. 

Hence it will appear that the signs + and — are not, 

in this sense, used to denote addition and subtraction, but 

merely difl'erence of position. 
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25. To prove that — 

Sin. (-A) : 




-Sin. A, Cos. {-A) = Cos. A, & 



Let CP revolve up- 
wards from C X and trace 
out the angle PCXj again 
let it revolve downwards 
from CX and trace out 
P'CX = PCX, and join 
PF cutting CX in N. 
Then the triangles PCX, 
P' C X will be equal in all 
respects, and if PCX = A, 
PCX will equal -A. 

PN „. , 

-cp= -^"'•^^• 



CoB.(-A) = p-j^ = ^^ 



CN 
CP 



J 



-FN 
CN 



PN 
'CN ■ 



0I-, Tan. (-A) = 



Sin. ;-A) _ -Sin. A 
Cos. (-A) ~ Cos.A 



Cot. (-A) 



Cos. {—A) Cos.A f> t A 

' Sin.(-A) - ^SiSTA - -l-"'-*- 



lec.(-A) = 



Cos. (-A) Cos. A 



CosecC-A) = 



Sin.(-A) " 
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26. 7b prove that — 
Sin. A = Sin. (180®- A), Cos. A = -Cos.(i8o''-A), &c. 




Let DCP = A, and 
make D'CF = DCP, then 
DCF = (180° - D'CPO = 
(i8o°-DCP)= (i8o''-A). 
" Drop the perpendiculars 
P'N', PN on DD'. Then 
the triangles PCN, P'CN' 
are equal in all respects. 



Now, Sin. A = ?^=?2f^(becausePN=PN',andCP=CP0. 



But Sin. 180° — A = 



FN' 
CP' 



.♦. Sin. A = Sin. 180° — A. 



Again, Cos. A = 



CN 
CP 



and Cos. 180° — A = 



CN' 
CF' 

— CN' 

cf' 



or, -Cos.i8o«'-A = ^, 



(14) 



.*. Cos. A = - Cos. 180° - A. 



(15) 
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Hence, also. 

Sin. A 



Cos 
Cos 


A - 

A_ 
A 

"A^ 

I 

n. A ~ 


-Cos 
-Cos. 


1 80° 


-A 
~A 


I 


Sin. 


iSo" 

I 


-A 


Cos 


-Cos 


iSo" 
1 


-A 


Bi 


Sia. 


80° - 


- A 



— 


-Tan 
-Cot. 
-Sec 
Cosec. 


l8o» 


-A. 


~ 


180" 


-A. 


— 


180" 


— A. 


— 


180" 


- A. 



L 



Tan. A = 
Cot. A = 
Sec. A = 
Coaec. A ; 



Vers. A= r — Co8.A= i -(-Cos.iSo"— A) = i + Cos.i8o''-A. 
Hence when an angle is greater than 90° and less than 
180", as D C P' for instance, all its trigonometrical ratios, 
except the sine, cosecant, and versine, are negative. 

27. To determine the algebraic sign of a trigonometrical 
ratio in any equation when all the other terms are known. 

Rule.— Put the proper sign over each ratio; then those on 
one side of the equation must he made to produce the same. 
result, positive, or negative, as those on the other side; as in 
the following example : — 

Given, B = loc", and C = 120°, to determine whether 
Cos. A is positive, or negative, in the equation 
+ _ _ 

Cos. A — Tan. B . Cot. C. 

Here, since B and C are both greater than 90°, their signs 
will he negative, by preceding Article, and tlie product of 
these two negative signs heing +, the sign over Cos. A will 
also he + , or Cos. A will he positive, and A will tiierefore be 
less than 90*, If the sign over Cos. A had been — , A would 
have been greater than 90°, in which case the angle resulting 
from the above formula would have to be subtracted from 
iSo" since 



-Cos. A = Cos. fi3( 



J 
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28. Detenmne whether Cos. x ia positive or negative in 
the equations : — 



(I) 


Cos. X = Cos, 


, A 


. Sin. B . Tan. C, 


(2) 


Cos. A = Co! 


I. 3: 


. Cot. B, 


(3) 


Cotan. C = Cot. 


B . Cot. A . Cos, X, 


(4) 


Tan. B . Cob. 


C: 


= Tan. A . Cos. x, 


when 


A = so", B 


= 


ioo°, C = lao". 


HB. (i) Negative. 




(3) Positive. 


(2) Negative. 




(4) Positive. 



29. Determine wljether A is greater or less than 90°, in 
the following fornmlsB, the values of A, B and C being- the 
same aa before : — 



(■) 


Tim. 


A = 


Tan. 


B. 


Cot. C. 


(2) 


Cm. 


A = 


Tan. 


■B. 


Cosec'C. 


Ans. 


(■) 


Less. 




K 


) Greater. 



Obs. I. "When the value of an angle is to be determined 
from its aiTie, the above rule will not apply, since the sine ia 
positive, whether the angle is greater or less than 90°. The 
ambiguity which thus arises can only be removed in particular 
cases. 

Obs. II. TJie trigonometrical ratios of all angles whose 
magnitude exceeds 90°, have been shown in Art. 26 to be 
negative, except the Sine and Cosecant : so, also, the odd 
powers of these ratios, as Cos.^A, Cos. 'A, &c., will be 
negative, and the even powers, as Cos.'A, Coa.*A, &c., will 
be positive, as will be seen by actual multiplication. 






I 
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■ 


On the Numerical Values of Angles. 1 


■ 


, 30. To find tite values of Sia. 4^° ; Cos. 45° &c 


P 


% 


Let ?CN be a right-angled / 






isosceles triangle; then each of / 






' tlie angles P and C = 45°. y^ 






A' »»: 


r 




c > 


Since CP' = PN' + CN=, and PN = CN 




.-. CP" = 2PN", or CP = ^T. PN. 




„ PN PN I 
Now.S,n.45 - j,p - ^-j,^ - ^- ■ 




..n.45"=i=.. 




p ^-«-i=^fr=^^ 




~ And Cos. 45° = Sin. 45° = ^; Cot.4S''=Tan. 45*^=1, &c. 




31. To find the values of Sin. 30*; Cos. 6o°j Tan. 30°; 




Cot. 60° ; &c. 




Let ABC be an equilateral * 




triangle, and draw BD perpendi- /^'\ 




cular to, and therefore bisecting AC. / \ 




Then since A+B + C=i8o<', and / J^ 




these angles are equal, each is equal A^,^^^'^ \ 




to 60", and therefore ABD = 30°. ^— \ 
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o AD iAB , f^ . o 
'■3° =AB=Tb =" = ^°^-^- 



, ^3_ 



Cos. 30°= 1/1 -Sin.* 30= \/i-i = \/| = ^ = SiD 
Sip. 30° _ i _ 



Sec. 30 = ^ a = —r = —7^ '■ 

^ Cos. 30° y^ \/3 



_ Co3. 30° _ 



v/3 



Cot. 30° = ^^;^^ ^ 4- = yi = Tan. 60=. 
Bin. 30 s 



Cosec. 30" = 



Sin. 30° \ ' 



32. To trace the changes in sign and magnitude of the 
Sine, Tangent, and Secant, as the Angle increases from 0° to 

360°. 

Let ACA', BCB' be ^ 

two atraiglit linea at right 
angles to each other, and 
let CP, a line of constant 
length, revolve about one 
extremity C, then the 
point P will trace out the "-j 
circle ABA'B'. Proni 
any position of P draw 
P N perpendicular to 
ACA'. Then consider- 
ing C P positive through- 
out its revolution, as it ia ~ 
parallel neither to A C A' nor to B C B', we see that. 
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(i) When PCA = 0°, PN vanishesj and CN = CP, 



= o,Tan.o°: 






(2) WlienPCAsgo" CN vaiiishes, and PN=CP, 
CP 



(3) When PCA = i 

negative, 



Sec, 90°- 
PN vanishes, CN = CP, and is 



-CN 



(4) When PCA = 

negative. 



:. 810.270" = 



270°, CN vanishes, PN = PC, and ia 



Tan. 270" = ■ 
CP 



(B) When PCA = 

.•.Sin.36o°= 



360° PN vanishes, and CN = CP, 
CP 



Id a similar way we may trace the variations in sign and 
magnitude of the cosine, cotangent, and cosecant, as the 
angle increases horn o" to 360°, 
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Miscellaneous Examples. 

I. Given 3 Sm.*A + Cos.^A = 2 ; find the value of Sin. A. 

Here, as 3Sin.^A-j-Cos.^A = 2 
and Sin.'A + Cos.^A = i 



• • 



or 



9 



2Sin.2A 




=r 


I 


Sin.^A = 


h 






Sin. A = 


' ± 


I 

\/2' 


1 



2. Given Tan. A=i ; find the values of Cos. A, and Sec. A. 

I 112 



Cos. A = 



Vi+TanAA - v^i+i y/^- y/s 



And SecA = .^-^ = -L = ^. 

Cos. A 2 2 

- ou 4.1, X Tan. A + Cot. A « a 

3. Show that — p= T = Sec.A. 

CosecA 

Sin.A Cos. A Sin.^A + Cos.^A 
Tan.A + Cot.A Cos. A Sm.A Sin. A. Cos. A 



CosecA 



Sin.A Sin.A 



Sin.^A+Cos.^A Sin.A _ l - g a 
Sin.A. Cos. A i "" Cos. A "" 



4. Show that Tan.«A- Sin.^A = Tan.^A . Sin.*A. 

Tan.«A-Sin«A = ^^^^ - Sin.^A 

Cos.^A 

_ Sin.«A-Sin.^A . Cos.^A _ Sin.^A(i-Cos.»A) 

"■ Cos.^A "" Cos.^A 

Sin ^A 

= g^_^ . Sin.»A = Tan.2A . Sin.^A. 
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5. If Tan.'o? — Tan.*y = 61 find the values of Tan. a: 
and Tan. x — Tan. y = 2 J and Tan. y. 

Dividing the first equation by the second, we have 

Tan.^ + Tan.y = 3 
and from the second Tan.^ — Tan.y = 2 

.*. by addition 2Tan.^ = 5 

and by subtraction 2Tan.y = i 

A Tan.^ = f 
and Tan.y = ^, 

6. If Sin.«A+sCo8.*A = 3, show that Cos. A = A=. 

V2 

7. If Sin.3A-Cos.»A = i show that Sin. A = ^, 

and Cos. A = i 

2 

8. If Tan. A = A, show that Cos. A = -^, and 

SeaA = v^. 

3 

Verify the following expressions : — 
Tan. A + Cot. A ^ . 

9- — si^r^— = ^""'''•^ 

10. Tan. A + Cot. A = Sec. A . CosecA. 

1 1. (Tan. A + Cot. A) Sin. A . Cos. A = 1. 

12. Cot^A - Cos.»A = Cot.^A . Cos ^A. 

Cot.«A - Cos.«A ^ ^ , . 
^3- C^^TA = ^"'- ^- 
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IS oF— ¥a — h 1 = Cosec^A. 
•^ Sm/A 

^ Cot.»A - Co8.^A ^ ,^ 
^^- C^t^A = ^"^-^ 

17. TanM = Siii.2A(l + Tan.^A). 

o CI- 9 A Tan.^A — Sin.*A 

18. SinM ^^^^^.^^ . 

19. Sec'A + Cosec'A =' Sec'A . Cosec'A 



^°* Sin.A«(Sec.«A + Cosec'A) ~ ^^'"^ 



'^' (Tan. A + Cot. A) Cos. A ~ ^"^'^ 



^^' (Cot. A + Tan. A) Sin. A ~ ^^ ^' 
(1 - Vers.A)» + Sin.«A c. *a 

Cot. A r% k 

24. J = Cos. A. 
^ -v/1 + Cot^A 

25. Sin. A. Cos. A = ^^ r — r-rr-r-T* 

^ Tan. A + Cot. A 

26. Vers, f 180^ -A) = 2-\ers.A. 

27. I + Cos. A = Vers. (i8o® — A). 

28. Sin. A . Tan.^A . Cot;^A = Cos. A. 

29. Sin. A . Cot. A = o, or, i when A = o**. 
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30. If Tan. A = 7, then Cos. A = . ^ 

y/a^ + 6* 



in.^^ -Sin.«y = il g^j Sin.* and Sin. y. 
in. * + Sin. y = f J 



31. If Sin.«* -Sin.«y = i 
and Sin. 



Ans. Sin. or = J|-, Sin.y = -/y- 



. If Cos.'j? — Co8.*y = m\ ^ 3 n a n^^ 

, ^ ^ ^ >-find Cos. X and Co8.y. 

and Cos. x — Cos. y = n J 



Ans. Cos. OP = , Cos.y = • 

2n 2n 



33. If Sin.x + Sin.y = «1 fi^^ Sin.*, 
and Sm. x • Sm. y = 6 J 

^iw. Sin. * = i(a + \/a' — 4*). 

34* If Tan. A = —7= ; find Sin. A and Cos. A. 

V3 

Ans. Sin. A = i, Cos. A = i-^/31 

35. Show that 

\/i +C08. a? . \/i —Cos. X _ Tan.JP 
Cos. ^ 



and that 

Sin. a? 



-v/i+Sin.*. y^i— Sin.* 



= Tan.*. 



I 



36. If 2C0S.'* = Sin.**, show that Cos. * = —j^* 
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2^ 



CHAPTER II. 



On FormuldB Involving Two Angles. 

I. To find the Sine and Cosine of the sum of two angles. 



Let QCR = A, PCQ = B. 

From any point P in 
CP, draw PN, PQ, per- 
pendiculars to CB, CQ; 
and QM, QR, perpendicu- 
lars to PN and CB. 



It is evident that QPM = 90^ - PQM = MQC = 
QCB = A. 

XT Q- /A . T3\ Q- T>nXT ^^ MN + PM 

Now, Sin. (A + B) = Sin. PCN =s — = -^ 




QB 4- PM 
CP 



QB PM 
CP CP 

CQ 



Multiply the first of these ratios by pQ, and the 

PQ 
second by p^. 

riM. Q- /A ^ix\ ^^ CQ , PM PQ 

Then, Sin. (A + B) = cP " CQ "*" CP ' PQ 

_ QB CQ PM PQ 

CQ ' CP PQ ' CP 



But 



QB «. . CQ ^ ^ 
— = Sin.A,_ = Cos.B; 



PM PQ 

^pr- i= Cos. QPM, or Cos. A ; and -p^ = Sin. B. 

.'. Sin. (A + B) = Sin. A . Cos. B + Cos. A . Sin. B. (16) 




L 
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CN CE-NR 
*■'*'- CP - CP 


CR-QM 
CP 


CR QM 




" CP CP 




_ CR CQ QM 
CP ' CQ CP 


PQ 

PQ 


CR CQ QM 
CU ■ CP PQ 


PQ 
CP 



: Cos.A.Cos.B-Siii.A.Sm.B.(i;) 



2 To find the Sine and Cosine of Ike difference of two 
angles. 

Let Q C N = A, 
rCQ = B. 

ThenPCN=A-B. 

Take any point P 
in C P, and drop per- 
pendicuLirs P Q, P N 
on CQ andCN; and 
also drop the perpen- 
dicular QM on CN, 
and PE on QM. 

It is evident that PQB = 90°-CQ]M=QCM = A. 

1.T o- ,. ^,^ c- TD^M PN_QM-Qil_QM QR 

Now, Sm.(A-B) = Sin.PCN=^= — CF" CP"CP 

^ QM CQ _ QR PQ 
CP ■ CQ CP ' PQ 

_ QM CQ _ QR PQ 
~ CQ ■ CP PQ ■ CP 

= Sin. A. Cob. B— Cos. A. Sin. B. (i8) 




i 



PLANE TRIGONOMETRY. 29 

A • n /A UN CN CM + MN CM + PR 
Again, Cos. (A-B) =- q^ "= Qp = gp — 

_ CM PR 
CP CP 

^CM CQ PR PQ 
CQ'CP "*■ PQ'CP 

= Cos. A. Cos. B + Sin. A. Sin. B.( 19) 

3. FormuhB immediately deduced from the four pre^ 
ceding : — 

By 16, Sin. (A + B) = Sin. A . Cos. B + Cos. A . Sin. B. 

By 18, Sin. (A - B) = Sin. A . Cos. B - Cos. A . Sin. B. 

.*. By addition^ 

Sin. (A 4- B) + Sin. (A-B) = 2 Sin. A . Cos. B. (20) 

And by subtraction. 

Sin. (A + B) - Sin. (A - B) = 2 Cos. A . Sin. B. ('21) 
By (17), Cos. (A + B) = Cos. A . Cos. B - Sin. A . Sin. B. 
By (19), Cos. (A — B) = Cos. A . Cos. B + Sin. A . Sin. B. 
/. By addition, 

Cos. (A + B) + Cos. (A — B) = 2 Cos. A . Cos. B. {22) 
And by subtraction, 

Cos. (A +B) - Cos. (A- B) = - 2 Sin. A . Sin. B. (23) 

^. . A+B . A-B 

Since A = + 



And B = 



2 2 

A+B _ A-B 
2 2 

A + B . A-B^ 



.-. Sin.A = Sin.(^+^) 



Q. A+B ^ A-B , ^ A+B ^. A-B. , ^, 
^ Sm. — — - . Cos. — H Cos. . Sm. by (16) 
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and Sin. B = Sin. (^ - ^) 

Q. A+B ^ A-B ^, A+B o- A~B , , ox 
= Sm. . Cos. — Cos. ' . Sm. . by(i8) 



.-. Sin. A + Sin. B = 2 Sin. ^^ . Cos.^^^, (24) 



and Sin. A — Sin. B = 2 Cos. Sin. . (25) 



Again — 



Cos 



■A=Co..(^+^) 



^ A + B ^ A-B ^. A+B Q. A-B , .. 
Cos. . Cos. Sm. . Sm. . by (17) 



Cos. B = Cos. 



{^ 



-^) 



Cos. . Cos. h Sin. . Sin. . by (19) 



.*. Cos. A + Cos. B = 2 Cos. Cos. — - — (26) 



A+B A— B 

and Cos. A — Cos. B » — 2 Sin. — - — . Sin. — — -. (27) 



4. To find the values of Sin. 2 A^ and Cos. 2 A^ in terms of 
Sin. A^ and Cos. A. 

By (16), Sin. (A+B) = Sin. A . Cos. B + Cos. A . Sin. B, 
and by (17), Cos. (A+B) = Cos. A . Cos. B — Sin. A . Sin. B. 
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These formulae being true for any values of B and A, are 
true when B is equal to A^ in which case we shall have 

Sin. (A + A) = Sin. A • Cos. A + Cos. A . Sin. A, 

Cos. (A -h A) =s Cos. A . Cos. A — Sin. A . Sin. A. 

Or, Sin. 2 A = 2 Sin. A . Cos. A, (28) 

Cos. 2 A = Cos.^A — Sin.'A. (29) 



5. If we put — for A in (28) and (29), we shall have 

2 

Sin. A = 2 Sin.:^ . Cos.-, 



Cos. A = Cos.2--Sin.«A. 



Similarly, from (9), i = Cos.^ — 4-Sin.^ — . 

A 

/. By addition, I + Cos. A = 2 Cos.*— . (30) 

A 

And by subtraction, I - Cos. A = 2 Sin.* — ^ . (31) 

From (31), 2 Sin.*A = i - Cos. A = Vers. A 

.-. Sin.*A. = iVers. A.» 
2 ^ 



,. A 



Or, Sin. — = ^/Hav. A. (32) 

2 



* \ Vers. A is called Haversine A, and generally written 
thus, Hav. A. 



I 
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6. To prove that 

Sin. A + Sin. B _ Tap, j (A + B) 
Sin. A - SiH. B Tan. i (A - B) 

Bin. A + Sin. B _ 2 Sin, j (A + B) Cob, j (A - B) {24) 
Sin. A - Sin. B 2 Cob. i (A + B) Sin. i (A - B) (25) 

= Tan. 1 (A + B) . Cot. i (A - Bj 



■■ Tan. i (A + B) 



Tan. ^ (A + B) 
Tan. j (A - B) ' 



Tan. i (A - B) 



(3) 



7. To jiiid the tangent of the sum and difference of two 
angles. 

Tan M . Bi_ Sin.(A+B) _ Sin.A.Co8.B + CQs.A.SiD.B. (l6) 
■^ ' Cus.(A + B) Coa.A.Cos.B-Sm.A.Siii.B.(i7) 

Dividing each term by Cos. A , Cos. B, we have 

Sin. A. Cos. B ^ Cos. A. Sin. B 



Ton (^ 1 Til Cos. A. Cos. B Cos.A.Coa.B 




Lm.{A 1 U)-, ^„g,^_c^gu Sin.A.Siii. B 
Cos. A . Cos. B Cos. A . Cos. B 




Tan. A + Tan. B 
I -Tan. A. Tan. B 


(34) 


S,„i..., Tan.(A-B)=,^:^A-Ta..B^, 


'3S) 


Putting B = A, in (34), we have 




^-(A^A)-.-T.^l";n^ 




0.-, Tan.. A- ' ^.n. A 


(36> 



J 
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8. To prove that 

Sin. (QO^'-f A)=Cos.A(37); and Cos.(90^+A)= -Sin.A.(38) 
By (i6) Sin. (90^ + A) = Sin. 90^ Cos. A + Cos. 90^ Sin. A 
By Sin. 90® = I, and Cos. 90® = o. (Art. 32, Ch. I) 

.'. Sin. (90® + A) = I X Cos. A + o x Sin. A. 

.•. Sin. (90® + A) = Cos. A. (39) 

Again, by ( i7),Cos. (90® + A) = Cos.90^Cos. A - Sin.90®.Sin. A. 

= o X Cos. A — I X Sin. A. 
= — Sin. A. (40) 

9. To find the values of Sin. 75®, and Cos. 75®. 

Sin. 75^ = Sin. (45^ + 30°) = 
Sin. 45® . Cos. 30® + Cos. 45® . Sin. 30^ by (16) 

But Sin. 45^ = Cos.45^ = iv^2, Sin. 30^ =i Cos. 30® = iv^3 

(Arts. 30 and 31, Ch. 

.♦. Sin. 7S'*=iv/2 . V3 + V2 • i =^^^7r^- 

Co875*=Co8.(45°+ 30®) =Cos.45*'.Cos.3o'»-Sin.45''.Sin.30*'. 

= t\/2 • 4\/3 — ^■v/2 . J. 
- v/3-1 

10. Find the values of Sin. 15®; Sin. 105*^; Cos. 135°; 
Cos. 150^ 



Answers. 
Sin. 15^ = ^3 - \ Cos. I35*' =rJi^. 

Sin. 105'= ^3 -^ 1 ^ Cog, ijqO ^ ^^^3 

V o 2 

D 
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Miscellaneous Examples. 







2 Sin.« ? 












r 


Show that 

• 


2 


= Sin. a. 










■• 


Tan.? 

2 












2Sin.«? 

2 


2 Sin.« ? 

2 


= 2 Sin.5 


1? 

2 


X 


Cos. 
Sin. 


a 

> ^ 

2 




Tan.? 

2 


" Sin.? 

2 


a 

2 






Cos. - 













— 2 Sin. - . Cos. - = Sin. a. 



Cot.? -Tan.? 



2 2 

2* Show that —-^—-i...-.^. ^ Cos. a. 



Cot.? + Tan.? 

2 8 



Cos.? Sin.? Cos.»?-Sin.«? 

2 2 2 2 



Cot. Tan.- Sin. - Cos. - Sin. - . Cos. - 

2 2 2 2 2 2 



Cot. ? + Tan. ? Cos. ? Sin. ? Cos.* ? + Sin.« ? 

2 2 2 2 2 2 

a a a 

Sin. - Cos. - Sin. - . Cos. - 

2 2 2 2 

Cos.«?-Sin.»? 

=r — ^— — — Cos.* Sin.^ - = Cos. a. 

Cos.«? + Sin.»? ^ ^ 

2 2 
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3. Show that 

Sin. 3 A. = 3Sin. A — 4Sm.'A 

Sin.3A = Sin.(A+2A) = Sm.A.Co8.2A+Cos.A.Sin.2A 
= Sin. A (I- 2Sin.2A) + 2Sin. A. Cos.«A 
= Sin. A — 2Sin.^A + 2 Sin. A — 2Sin.'A 
= 3Sin. A — 4Sin.^A. 

4. Show that if A + B + C = i8o^ 

Tan. A + Tan. B + Tan. C = Tan. A. Tan. B.Tan, C. 
Here A + B = 180° - C, 

.-. Tan. (A + B) = Tan. (180^ - C) = -Tan. C 

Tan. A + Tan. B m ^ 

or, ni j—m 5 = —Tan. C 

' I —Tan. A. Tan. B 

.-. Tan. A + Tan. B = - Tan.C + Tan. A . Tan.B.Tan.C 

or. Tan. A + Tan. B + Tan.C = Tan. A .Tan. B .Tan. C. 



2 Sin. - 

5. = Sin. a. 

Sec. - 
2 

^ a 

2 Cos.- 

6. = Sin. a. 

Cosec. - 
2 



2Sin.«- 



Tan. - 



2Cos.«? 



ss Sin.£U 



8. — ^-— z= Sin. a. 
Cot. - 



D 2 
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2Tan.? 



Sec.«- 



2 Cot.? 



= Sin. a. 



lo. 1 = Sin. a. 

Cosec.' - 



— — — — ^ = Sin. a. 
"• Tan.? + Cot.? 



2 2 

4Cog.a. 
'''' Tan.? + Cot.? 

2 2 



= Sin* 2a. 



^3' Cot.? -Cot. a 

2 



= Sino. 



14. Cos>- — Sin.*- = Cos. a. 

^22 



2 Cos. - — Sec. - 
IS. 



i6. 



Sec. - 

2 






x^^ 


hPV. «•• 




Cosec. 2 

2 


Sin. 


a 

2 


^ 


Cos. 


a. 


Cosec- 









Cot. ? - Tan. ? 
17. ^ ^ = Cos. a. 

Cot. - + Tan. - 
2 2 



l8. Tan.? (i + Sec a) = Tan, a. 

2 
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'9* I -|-Taii.a.Taii.- 

2 



= Cos. a. 



2 Tan. - 

20. — =5 Tan. c> 

2 - Sec.2- 



^'- Cot.? -Tan.? 



= Tan. a. 



2 2 



2 Cot.- 
22. ■ ss Tan. a. 

Cot.«? - I 



23. Sin. (a + J). Sin. (a — i) = Sin.'a — Sin.**. 

24. Sin. (a + J). Sin. (a — J) = Cos.*i — Cc3.'a. 

25. Cos. (a +- J) .Cos. {a — b) = Cos.^a — Sin.^i. 

26. Sin-(^+^) Tan-g-t Tan. J. 
Cos. a . Cos. b 

Sin. (a + J) ^ , . r, , , 

27. cv — ^-5^ — ^r = Cot. a + Cot. ft. 
^ Sm. a. Sin. ft 

28. Tan. a = Cot. a^^i Cot. 2a. 

29. Cosec.2« 4- Cot. 2a = Cot. a. 

30. Cot. a + Tan. a = 2 Cosec. 2a. 

31. Cot.a— Tan.a = 2Cot.2a. 

32. Tan.a f Tan.ft = Sin. (a + ft). Sec. a. Sec. ft. 

33. Tan.a — Tan.ft = Sin. (a — ft) Sec. a. Sec. ft. 
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^ . 3Tan.A — Tan.'A 

34- Tan.3A = 3 ^_^^^^,^ . 

35. Cos. 3A = 4Co8.'A - 3C08.A. 

I - Tan.* - 
2 

36. ^-_- = Cos. a. 
I + Tan.*- 

2 

Co3.a-Cos.3a ^Tan.a. 
"^ Sin. a + Sm. 3a 

Sin.^a — Sin.*J „. a + J/^ a — i 

39. ^n ^n — r = 2Sin. .Cos. — -~ . 

^^ Sin.a — Sin.J 2 2 

Sin. 2g ^ 

40. f; = Ian. a. 

^ I + Cos. 2a 

Vers, a _ ^^ ,fl 

"^^^ Vers.(i8o^-a) " '^''- 2* 

r« / o N Cos. 2a 

42. Tan.(45*-«)= x + sin.2g - 

43. Sin. b = Sin. (a + b) Cos. a — Cos. (a + b) Sin. a. 



/ 



Sin.*- -Cos.»? 



44. Sin. a ss 2 / „ 

V Tan.*?«.Cot.»? 

2 2 



45. Tan.? = . ASin.g - Sin. 
^ 2 V 2Sin.a + Sin. 



— bm.2a 
2a 



^ Sin, (a— &) Sin.(6— c) Sin, (c— a) __ ^ 

^ * Sin. a . Sin. b Sin. A . Sin. e Sin.c . Sin. a " 
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47. If a+i + c = 90°, show that 

Tan.a.Tan.J + Tan.a.Tan.c + Tan.J,Tan.c = 1. 

aR Tan.g Cot g _ 

^ Tan. a - Tan. 6 "*" Cot. a - Cot. J "" '* 

49. Sin. 4A + Sin. 2A = 2Sin. 3A . Cos, A. 

50. Sin. 6A — Sin. 4A = 2C0S. sA . Sin. A. 

S I. Sin. (60° + A) - Sin. (60° - A) = Sin. A 

52. Sin. na -f Sin.(»— 2) a = 2 Sin. (w— i)a . Cos. a. 

53. Cos. na -f Cos. (»— 2) a = 2 Cos. (»— i) a. Cos. o. 
54- Sin. na — Sin. (»— 2) a = 2 Cos. (n— i)a . Sin. a. 

55. If Tan. A = ^ and Tan.B = %, show that 
Tan. (A+B) = ^^, and Taii.(A-B) = ^j^. 

^ «i xi .. m A 3Tan.A— Tan.'A 

56. Show that Tan.3A = i^3Tan.^A ' 

S 7. If Tan. A = i, and Tan.B = |, show that A + B = 45^. 

Show that the numerical value of : — 
58. C08.15O. = '^^-^ 



59. Cos. 105" 



60. Sin. 135*. 



^/5 



a. • 



2 
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>-, CoB.a — Cos. 5a rr«^ ^^ 

61. 0—= o^ — z- = ian. 3a. 

Sm. a + Din. $a 

62. Sin. Sa-Sin. 3a ^ t^„^ ^^ 
Cos. 5a + Cos. 3a 

^ Tan.a+Cot. a+2 __ 1+ Sin. 2a 
Tan. a + Cot. a— 2 i— Sin. 2a* 

i + Sin. a + Cos. a __ p , « 
^' 1+Sin.a— Cos.a ~ * 2* 

g Sin. 3a '_ Cos. 3a _^ 
Sin. a Cos. a 

,^ Sin. 3a , Cos. ^a ,r\^ 
00. ^. ^ + T-. — ^ =4 Cos. 2a. 
om. a Cos. a 

67 Sin^3a + Cos. 3a Sin. 3a— Cos. 3a__ _ 
Sin. a— Cos. a Sin. a + Cos. a 

68. ^^-'f -y°-;3^ = Cob. 6a. Sec. 2a. 

om.^a--Cos. ^a 

69. Cot.3a=^^Sf^r^''^-3), 

3Cot.*a— I 

^^ Sin. 3a 4- Sin. a ^^ , 

70. ri ^n, = - Cot. a. 

Cos. 3a— Cos. a 

^5l3£±Sin^ = Tan. 2a. 
Cos. 3a 4- Cos. a 

Sin. 3a+Sin. a Cos. 3a— Cos. « __ o* ^ 

72. /-u ■ -~ .... — A olll. 2a. 

Cos. a bm. a 

^^ Sin. 3a + Cos. 3a , ^ q. ^ , , ^ 

73- o' /s + 2 Sm. 2a+i^o. 

bm. a— Cos.a 
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Sin. 3a + Sin. a m^^ ^^ 
Cos. 3a + Cos. a 

75 . Sin. (a + 6) . Sin. (a - 6) = ^ {Cos. 26 — Cos. 2a}. 

76. Sin.(a+ i).Sin.(a-6)=Cos.*a.Cos.*6{Tan.'ar-Tan.«6} 

77. Sin.(a + i).Sin.(a - 6) = Sin.2a. Sin.*6{Cot.2 J -Cot^a} 

78. Sin. (a + i) = Cos. a . Cos. 6 {Tan. a + Tan. i}. 

79. Sin. (a— 6) = Cos. a . Cos. 6 {Tan. a— Tan. h}. 

Sin. a 



80. Tan. (n 4- 1) a— Tan. na = 



Cos. na . Cos. (w + 1 ) a' 



81. Cot. (n4.i)a-Cot.na= ^^ ^^l^L _. 

Sm. na . om. (n+ i)a 

82. Sin. a— Sin. 6 = Cot. ^ "^ • {Cos. 6— Cos. a}. 



83. Cos. (x+y—z) — Cos. (a?+y+-2) = 2 Sin. (A*+y)Sin.^. 



84. Cos. (n— i) a — Cob. na = 2 Sin. (n— i) a . Sin. ~. 



85. Cos. (na— mJ) — Cos. (^-{-m})) = 2 Sin. na Sin. mb. 



86. Tan.- + Cot - = 2 Cosec. a. 
2 2 



87. Tan. - + Cot. - = 4 Cos. a . Cosec. 20. 
' 2 2 



88. Cot. - — Cot. a = Cosec. a. 

2 
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CHAPTER III. 
On the Solution of Triangles. 

1. A triangle consiata of six parts, viz. : three sides, and 
three angles. Any three of these being given (provided that 
one is a side) the others may be found. 

2. The angles of the triangle are generally denoted by 
A] B, C, and the aides respectively oppoaite to them by 
a, b, c. 

PkO POSITION I. 

The sides of a triangle are proportional to ihf jtines of 
the opposite angles. 



L » 

t 




Let A B C be any triangle, and from A let fall the per- 
pendicular AD on BC, or B C produced, figs, (l) and (2). 
Then in fig. (i), where angle C is acute, we have 
AD 



AD 



. = Sin. B, or AD = c Sin. B, 

!in. C, or AD = i . Sin. C. 

c . Sin. B = fi . Sin.C. 



i 



PLANE TRIGONOME TRY. 



And in fig. {2), where angle C is obtuse, we have 
— = Sin. B, or AD = c . Sin. B, 

and ~ = Sin. ACD = Sin. ACB. by (14) 

Since ACB is the supplement of ACD. 

.-. AD = 6 . Sin. ACB, or b . Sin. U, 
.'. In each caac, 

c . Sin. B ^ A . Sin. C, 

h _ Sin. B 

' c ~ Sin. C' 

i.e., 4 : c :: Sin. B : Sin. Q, (A) 

Which proves Uule II. 

PROFOSinON IL 

'The square of any side of a triangle i 



) equal to the sum 

of the squares of the other two sides, minus twice the product 
of those two sides, and the cosine of the angle included by them. 

First, let the triangle A B C be acute angled, C being an 
acute angle. {See fig. i, preeediug page.) 

ThenbyEuc. II, 13, 

AB» = BC + AC - 2 BC . CD, 
and CD = AC . Cos. C. 

.■. AB» = BC^ + AC* - 2BC . AC . Cos. C, 
or c* = o* + i' — 2 oS . Cos. C. 

Secondly, suppose C an obtuse angle (fig. 2). 
ThenbyEuc. II, 12, 

AB' = BC»+ AC" + 2BC . CD, 
Kud CD = AC (Cos. iSo" — C) = - AC . Cos. C. 
.-. AB» = BC» + AC - 2 BC . AC , Cos. C, 
i.e.. c" = fl' + i' - 2 fli Coa. C. 
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Cor. Hence vie may express the cosine of an angle in terms 
of the sides. 



P 



Since by (B), c^ = a' 

.-. 2ai.Coa. C = 



i» — 2ai.Cos. C 

» + 6' - c* 



' + &' — c 
2ab 



Proposition III, 

To adapt the formula, Cos.A = 
logarithmic computation. 

Since Vera. A = i — Cos. A, 
- Cos. A, 



2 Hav. A = 
zHav.A - 



2 be 

2 6c— 6'— c° + a° 

2 Ac 
a'— 6^+2 Ac— c* 



q'— (6'— iSc + c*) 



r .-.fie. Hav. A 

I or, be . Hav. A = 



^ fl=_(fi_cV 
2 6c 

2 be 

^ {a + b-^c) {a--b^c) . 



Hav. A = J (« + * - c) . J (a - ^"^^ 
Log. A + Log. c + Log. Hav. A — lo = Log. ^ (a + A — c' 

+ Log. \{a~ b — c) 
Log. Hav. A = lo — (Log. 6 + Log.c)+ Log. i(a + i — c) 

+ Log. i (a - 4^:7), (D) 

"Whicli, expressed in words, is Rule I. 



d 
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Proposition IV. 

Toprove Ifiata + b: a-b :: Tan. i (A+ B) : Tan. \ (A 

¥1 Ti / \ o Sin. A 

ByProp.C), J = gg^B . 

Adding I to each aide of the equation, we have — 

a »in. A 

+ I = 



b 
a + b 



Subtracting i from each a" 



Sin. B ^ ' 

Sin. A 4- Sin. B 

Sin. B 

, we have — 



-B). 



(■) 



Sin. B 
Sin. A - Sin. B 



Dividing (i) by (z), 

a + h Sin. A - 



2 Si 



A — Sin. B 

.i(A + B)Cos.t(A-B) 



z Cos. J (A+B) Sin. J (A-B) 
Tan. J (A+B) . Cot. J (A-B) 
Tan.i(A+E) 
Tan. i (A-B)' 
4 :; Tan. J (A + B) : Tan. i (A-B), 
WMch proves Rule IH. 



W 



(24) 



(E) 



Peoposition v. 

Two sides and ike included angle being given, to invettigate 
a rule for finding the third side. 

By Prop. (II), c' = 0» + i» — 2ab . Cos.C, 









1 


1 


H 
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^^ 


And 


since 








^ 


Cos 


.5.s„4 


= l(9);at,dC0B.'|-Sii,.£= 


Cos 


c. 


(29) ] 




c>=(a> + 5' 


(Cos.£ + Sin.'5) - 2ojjco. 


2 


SilL 


■'J 




= ("-») 


Cos.'^ + (0 + *)■ Sin.'^ 






fl 




(by multiplying out and collecting the terms) 






= (0-4) 


-41- &:)'■-■■ 


i} 




(I) 



Now, aa the tangent of an angle may have any value, 

there will be an angle whose tangent is equal to .Tan.—; 

a~o 2 

let be such an angle. 

C 



Then, Tan 



■(^D- 



Tan. 



(2) 



^ 



From (i), c* = (a 



* . Cos. - { I + Tan.»5J 



= (b- 



Or, 



e = (a — b) . Cos. — . Sec. 1 



<3) 



Now, Tan. $ being determined from Eqn. (2), furnishes 
UB with Sec. 0, by which we are enabled to determine c in 
Eqn. (3). This operation, expressed logarithmically, is 
Rule IV. 
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On the Ambiguous Case. 

The Ambiguous Case is when two sides and the angle 

opposite the less side are given. 

In this instance there will be two solutionaj for, let 
CAB be the given 
angle, AC one of 
the sides, with 

centre C, and dis- ^--^ \^^ / \. / 

tanee a (the value -^ 
of the other side), deaeribe the arc of a circle, cutting AB 
produced in B and B' on the same aide of A, Now each of 
the triangles CAB, CAB' has all the data of the question^ 
and therefore the solution ia ambiguoua. 




Eight-Angled Triangles. 



I. When two sides are given to find the third side. 

Let ABC be a right-angled triangle, 
then, by Euclid, Book I, Prop. 47, 

a' = b' + ,? (I) 

transpoBing — 

{-=,a>-c' = (a + c)(o-c) (3) 

and 



c* = a' ~ fi' = (a + i) (a - b). (3) i 



Hence, when any two sides arc given, the third may be 
fouud by one of the above formulae. 
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II. JVhen c and b are giien, to find a, B, and C. 

We have Tan. C = 5, 

or. Log. Tan. C — 10* = Log, c — Lc^. b, 
.'. Log. Tan. C = 10 + Lo^. c — Log. *, 
ffhi;h determines C, and 90° — C = B. 

And - = Sec. C, or, a = b. Sec. C, 

.■. Log. a = Log, b + Log. Sec. C — 10. 

III. When a side and an angle are given, to find thi 
remaining parts. 

Ex. Given b and angle C, to find the other parts. 
(l) To find c— 

Put down the aide required. c 

Under it put the given side b 

Then write down the ratio of the given T 
angle formed by the above expression J 
Thus we have ^ = Tan. C, 



. Tan. C. 



or, c= 6. Tan. C, 
.*. Log. c = Log. b + Log. Tan. C — 10. 

(3) To find a, we shall liave by the above rule — 

? = Sec, C, or, a = i . Sec. C, 
b 

.". Log. a = Log. b + Log. Sec. C — 10, 

and B = 90° — C. 

Hence the triangle is completely solved. 



• For the reason for subtracting 10 in this, and similar 
rases, see Chapter on Logarithms (note to the Table of 
Sines, &c.). 



J 
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Pkoposition VI. 

To express the sine of an angle in terms of the sides. 

First, by (9)— 
Siii>A = i-Cos.«A = (I +Cos. A) (i-Cos. A). 

i^ + c' — a' 
But Cos, A = -V by (C) 

_ 2bc + y -*- c^ — gg 2bc — ft^ — g» 4- g* 
9.bc ' 2bc 

^ (^ + cY - a ^ gg - (ft - cY 

2bc ' 2bc 

_ (g+ft4-g)(ft+c— g) (g + ft— c) (a— ft + g) 
2bc * 2bc 

_ (g + ft-f- c)(ft4-c— g)(g+ft— 6')(a— ft + c ) / V 

Now, let g -f- ft + c = 2« 

then, ft + c — « = 2(5— g) 
g — ft + c = 2(5— ft) 
g + ft — c = 2(«— e) 

,-. Substituting in (i), we have— 



«. - . 2* . 2^ — g . 25 — ft . 25 — c 
Sm.»A = ^^5^5 



4.^.^ — a , s — ft.^ — c 



2 



,\ Sin. A =s T- • y/s . s — a . s — b , s —7. (F) 

£ 
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Proposition VII. 

Two sides and the included angle being given, to find the 
area of the triangle. 

Ex. Given b, c, and A, to find the area. 



C 




Area = 



AB X CD c X CD 



But CD = i . Sin. A 



.*• Area = 



be . Sin. A 



Proposition VIII. 



The three sides being given, to find the area. 



be 
By Prop. VII. Area = — • Sin. A. 



And by Prop. VI. Sin. A = j- ^g . T^a . 7^b .7^ 



be 



»•• Area — -- x — . ^g . s^a . s—b . s—c 
= y/s • s—a . *— 4 . *— c. 
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1. A string) whose length is a, being fastened to the toji 
of a tree, makes aa angle & with the ground ; show that the 
height of the tree = a Sin. ff. 

2. A tower, whose height is p, subtends an angle, /3, to 
an observer stationed at a certain distance from its base ; 
show that that distance ^ p Cot. ^. 

3. If the hypothenose, base, and perpendicular of a right- 
angled triangle be represented by a, b, and c respectively j 
show that the perpendicular from the right angle on the 

be 

hypothenuse = — 

4. The side of an equilateral triangle is a; show that 
the perpendicular from either of the angles to the opposite 

a — 
side = - v^s- 

5. In the right-angled triangle ABC, C being the right 
angle, show that Sin. 2A, or Sin. 2B = — j- . 



In the same triangle, show tliat 
J — ; ana Los. (A— B) = —^; or, = 



Sin. (A - 
2q6 



7, Standing at a distance of n yards from the foot of a 
shnrch tower, I observe the angle of elevation of the top 
of the spire to be a, and that of the top of the tower to 

E 2 
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be j9j show that the height of the 8pire= 
„ _ n . Sin, (a - ff) 



((Taa. a-Tan.(S); 



Cos. 1 



. Cos ^ ■ 



8. Standing in a line between two monuments on a 
horizontal plane, I find the angle of elevation of the taller 
one a, to be ff, and of the shorter one b, to be i^ ; show 
that their distance apart = a Cot. + b Cot. tf>. 

9. If, in the above question, e be the angle of elevation 
of the top of the taller one above that of the ahorter, show 



10. If a and y9 be the angles at the base c of any acute- 
angled triangle, a and b the aides respectively opposite to 
them; show that c = fi , Cos. a + a . Cob. 0. 

11. If p be the perpendicular let fall from tho vertical 
angle to the base of the triangle in the preceding question. 



Bhow that j] = 



Cot. fl+Cot. 0' 



Sin. {a + fi) 



12, A lighthouse has an altitude a, and bearing East, to 
an observer stationed at a certain distance from the base, 
and at a second station, a miles South of the former, the 
angle between the base of the lighthouse and the first 
station was also a : show that the height of the lighthouse 
f a Tan. 'a; and that its distance &om the second station 
= a Sec. a. 



13. A balloon seen from a certain station has an altitude 
of 50°, and bearing N.W.; what will be its bearing at a 
station South of the former, where the altitude of the 
balloon is 30° ? 

Jns. N. by W. i W. 
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14. A mountain seen from a certain station has ao 
altitude of 15°, and bearing E. by N. ; what will be its 
altitude at a station S.W. of the former, where the bearing 
UE.N.E.? 

An.'i. 10° 27' 30". 



15. The top of a lighthouse has an elevation of 30°, and 
Ijearing East to an observer at A ; after sailing due South 
to B, its elevation was found to be 18° 35'; show thai its 
bearing at B was N.E. by N. nearly. 

16. To determine the breadth of a river, I observed the 
angle of elevation of a tower on the opposite bank to be a, 
and on receding a yards, it was found to be /3 ; show that 

. Cos. a . Sin. $ 



the river's breadth = 



Sin. (a - 8) 



17. Two observers, a miles apart, and on different 
sides of it, observe the angles of elevation of a 
balloon, in the same vertical plane with them, to 
be and <f> respectively ; show that the altitude of the 
. Sin. e . Sin. 



balb( 



Sin. (0 + 0) 



18. From the top of a tower, whose height is A, the 
angles of depression of two objects, lying in the same hori- 
zontal plane with the base of the tower, and in the same 
direction, are a and (3; show that tlieir distance apart 
= A . Cosec. a . Cosec. (S . Sin. (a ' ,8). 



19. The angle of elevation of the summit of a. mountain, 
taken at its base, was found to be a ; after walking b yards 
up its side, which was inclined at an angle, 0, to the 

horizon, the angle between the summit and the first 
station was found to be 7; show that the height of the 
_ b. Sill, fi . Sin. 7 



mountain = 



bin.t«-ya + 7> ■ 
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20. From the top of a tower a person observes the angles 
of depression of two distant points a yards apart in the 
horizontal plane to be a and ^, and the angle between 
them to be 7; show that the height of the tower 



^ Cosec." a + Cosec* yS — 2 Cosec. a . Cosec. /3 . Cos, 7, 

21. From the top of a mouutainj a miles above the sen, 
the angle of depression of the sea horizon was found to be ^ ; 
required the diameter of the earth. 



22. Three objects. A, Bj C, form an isosceles triangle 
whose vertex ia ft and whose angles are as the numbers 
4, I, I; an observer walking from A towards C, measures 
a base, AD, of a feet, and observes the angle BDC ; he 
then advances to E, b feet further, and observes the angle 
EEC = the supplement of BDC. From these observationa 
find the sides of the triangle. 



£^(«-f^.); or (3« + .). 



^3. 
3 



23. A person walking from C to D on the horizontal 
road, can plainly see the summit of a hill. A, from every 
point except E, where he can just see it over a hill, B. He 
measures EC, and at C observes the angles of elevation of 
B and A, as well as the angles ACB, ACE. At E lie 
observes the angle AEC. Show how to find the height of 
each hill. 
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CHAPTER IV. 
Spherical Trigonometry. 

1. A sphere is a solid generated by the revolution of a 
semicircle about its diameter; and is aucb that all straight 
lines drawn from a point within it, called it» centre, to the 
surface are equaJ. 

2. The distance from the centre to the surface is called 
the radius : and any line passing through the centre, and 
terminated both ways by the surface, is called a diameter. 



3. Every section of a sphere made by a plane in a circle. 



Let EDF be any such section 
of a sphere of which the centre is 
O. Prom O draw OC perpendi- 
cular to the cutting plane, and 
join CD and OD, D being any 
point in EDF. Then since OC 
is perpendicular to the plane, it 
is perpendicular to every line in 
the plane, and therefore to CD. 

.-. OD' = OC" + 




But OD and OC are both constant quantities, therefore, 
CD is also constant; or the section is a circle having C for 
its centre. 
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4. A section of a sphere made by a plane paBsing through 
its centre is called a great circle; ali otLer sections are 
called small circles. 

5. A pole of a circle is equally distant from every point 
in the circumference of the circle, and a pole of a great 
circle is 90° distant from every point in the circumference of 
the great circle. 

6. A spherical triangle is 
the portion of the surface of 
a sphere included between 
three arc« of great circles, 
as the tnangle ABC. The 
angles being the inclinations 
of the planes of the great 
circles to each other, and 
the aides being measured 
by the angles which they 
subtend at the centre of the 
sphere, although only the 
triangle itself is usually 
shown in diagrams. 

7. The three angles of a spherical triangle are greater 
than two right angles, and less than six right angles, and the 

greater angle is opposite to the greater side. 




Of the three area forming the 
triangle, 

8. Any one is less than a semicircle t 



iiiJes of a spherical 



9. Jng one is less than the sum of the other two ; 



10. And the sum of the three is less than the circumference 
of a great circle. 



i 
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II. Proof of the fundamental formula in spherical trigo- 
nometri/, viz., that 



Cos. A = 



Cos. a — Cos. b . Cos. c 
Sin. b . Sin. c 




Let ABC be a spherical triangle^ O the centre of the 
sphere ; draw tangents to meet OC, OB produced in D and E, 
and join AO and DE. 

Then OAD, OAE are right angles (Eucl. Ill, Prop. i8), 
and DOE being a plane triangle, we have by Prop. II, 
Ch. Ill, 



DE* = DO* + OE* - 2 DO. OE Cos. DOE. 



(I) 



Similarly, in triangle DAE, 

DE* = DA* + AE* - 2 DA . AE . Cos. DAE. (2) 



Subtractmg (2) from (i), 

o = DO* - DA* + OE* - AE2 - 2 DO . OE . Cos. DOE 

+ 2 DA. AE. Cos. DAE. 
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.-. o = AO' + AO* - 2 DO . OE .C0S.DOE + 2 D A. AE.C0S.D AE 



= 2 AO AO - 2DO . OE . Cos. DOE + 2 DA . AE . Cos.DAE. 



Dividing by 2 DO . OE, 



°= ^^ - ^- ^o^ + m^l ' ^- ^^^' 



Whence 



O = Cos. b . Cos. c — Cos. a + Sin. b . Sin. c . Cos. A. 



. p A _ Cos. a — Cos. b . Cos. c 

Sin. o . Sin. c. 



-• 



In like manner it may be shown that 



n T> Cos. b — Cos. a . Cos. c 

Cos. B = ^, ^. • 

Sin. a • Sin. c. 



And that Cos. C = Cos. c- Cos « . Cos. i 

Sin. a • Sin o 
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12. 7b investigate a formula for finding an angle when the 
three sides are given. 

By formula (A). 

Cos. a - Cos. b . Cos. c 



Cos. A = 



I— Cos. A=i — 



Sin. b . Sin. c 
Cos. o— Cos. b . Cos. c 



Or, Vers. A 



Sin. b . Sin. c 

Sin, b . Sin, c— Cos. g+Cos. b . Cos. g 
Sin. b . Sin. c 

Cos. b . Cos. c-f Sin, b . Sin, c — Cos. a 

Sin. i . Sin. c 



_ Cos. (ft— c) — Cos. g 
Sin. b . Sin. c 



2 Sin 



. g+lzLf . Sin. ^-^-^ 



••• 2 Hav. A = Sin. ft. Sin. c ' ^ ^^ ^'7) 



TT A ^ \/Hav. (a+ft— c) .\/Hav. (a— ft— c) 



Sin/A-Sin.^ '^^^32) 



Or^ in Logs., 
Log. Hav. A— 10 = Log. Cosec. ft— lO+Log. Cosec. c 

— io + i{Log. Hav. (a + ft— c) — 10} 

+ i{Log. Hav. (o— ft^) — 10} 
•*. Log. Hav. A 3= Log. Cosec. ft + Log. Cosec. c 



+ iLog. Hav. (fl + ft — c) + ^Log. Hav. (a— i— c)— 20, 

Which, expressed in words, is Bale I« Spherical Trigo« 
nometry. 
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13. To investigate the rule for finding the third side of a 
spherical triangle, when two sides and the included angle are 
given. 



By formula (A). 

Cos. a — Cos. b . Cos. e 



Cos. A = 



.'. I— Cos. A = I — 



Sin. b . Sin. c 
Cos. a — Cos. b . Cos. c 



Or, Vers. A = 



Sin. b . Sin. c 

Sin, b . Sin, c — Cos. a + Cos. b . Cos. c 
Sin. b . Sin. c 



_ (Cos. b . Cos. c + Sin, b . Sin, c) — Cos. a 
~" Sin. b . Sin. c 

__ Cos. (& — c) — Cos. g 
Sin. b . Sin. c 

.•. Sin. b . Sin. c . Vers. A = Cos. (6 — c) — Cos. o. 



Transposing^ Cos. a = Cos. (ft — c) — Sin. b Sin. c Vers. A. 

Subtracting each side from (i)^ 

I — Cos. a = I — Cos. (i — c) + Sin. b . Sin. c Vers. A. 



Or, Vers, a = Vers, (ft — c) + Vers. 6^. 
Where ^ is determined from the formula 
Hav. = Sin. ft . Sin. c llav. A. 
Which, in words, is Rule II. 
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14. To prove the rule of sines in spherical trigonometry, 
nz.: that Sin. B : Sin. C :: Sin. b : Sin. c. 



Let ABC be a 
spherical trianofle; drop 
the perpendicular AK on 
the plane BOC, and from 
K, draw KM, KN per- 
pendicular to the edfjes 
OB, OC, and join AM, O' 
AN. Then angle AMK 
= B and ANK = C, and 
the triangles AMK, ANK 
being right-angled, we 



AK = AM . Sin. AMK= AM . Sin. B ; & AK = AN . Sin. C. 

.-. AM . Sin. B = AN . Sin, C. (i) 

But since AM==AKHKM==AO'-0K'+OK*-0M» 
= A0=-OM', 

.*. AMO is a right angle. Similarly, ANO is a right angle. 

.-. AM=AO Sin. AOM=AO . Sin. c, 

and AN=AO Sin. AON=AO . Sin. b. 



FromEq.(i}— 



Sin.B _ AN ^ AO ■ Sin. AON _ Sin. » 
ghTC AM AO . Sin. AOM Sin. c' 



: Sin. C :: Sin. b : Sin. c. 



4 

i 
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15. To prove that the angle APB, at either poU of the 
ffreat circle ABC, is meamred by the arc AB included 



between the two great circles PAF, PBP'. 




Let ABC be a great circle, P one of its poles, APB 
the angle included lietwecn the two great circles PAP', PBP'; 
then this angle will be measured by the arc AB. 

Take O the centre of the sphere, and join OA, OB. 
Then, because the arc PA lies in the plane POA, and the 
arc PB in the plane POB, the angle AOB between these 
two planes ia equal to the angle APB (by the definition of a 
spherical angle). But AB is the same fraction of the cir- 
cumference of a circle as the angle AOB is of four right 
angles ; therefore, as AB measures the angle AOB, it also 
measures APB, whieb ia equal to AOB. 



I 

L 



16. On the Supplemental Triangle. 

Let ABC be a spherical triangle, and with A, B, C as 
poles, describe the arcs of great circles B'C, C'A', A'B'; 

then these sides of the triangle A'B'C will be the supple- 
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mento of the angles A, B, C, and the angles, A', B', C, will 
be the Bupplemeats of BC, AC, AB. 

Jl. 




a B (see preceding Art.) 
.■. A'C ia the supplement of B. 

In like manner we may prove B'C and A'B' to be the 
supplements of A and C. 

So also will A' be the .supplement of BC. 
For Ac = Bfi + Cc + BC 

= go'-BC + go'-BC + BC 
Or, A' = i8o°-BC 
i.e.. A' is the supplement of BC. 

And, for similar reasons, C and B' will be the supplements 
of AB and AC. So that the sides and angles of the two 
triangles are supplements, t!ie one of the other. 

• A' will be the pole of BC, beoaujn 
of great oirules, eiuh will be 90'*, SimiJ 
Cof AS. 




^ 




LOGABITHM6. 



CHAPTER V. 



On Logarithms. 

Def. — The logarithm of a number to a given base is the 
index of the power to wliich the base must be raised to be 
equal to the number; thus, in the equation a' = N, x ia 
caller^ tbe logarithm of N to the base a. Thn base now 
generally used is lO, so that we shall aay, the logarithm of a 
number is that power to which lo must be raised to produce 
the number. 

Thus, siuce lo" = i, 

lo' = lO, 
IO° = lOO, 
lO^ = lOOO, 

&c. = &c., 
O, I, 2, 3, Sic,, are the Logs, of i, lo, lOO, lOOO, &c. Hence 
we sec that the Logs, of all numbers between o and lO will be 
greater than O, and Icaa than i, and of all numbers between 
10 and lOO, greater than ij and less than 2. Logarithms 
willj therefore, be represented by the numbers o, i, 2, 3, &c., 
with some decimals after them; the decimal part being 
called the mantissa,* and tbe integral part, the characteristic 
or index ; and it will he seen from above that the charac- 
teristic or index will be less by one than the number of 
figures in tbe given number. 



Again, i = — = — : = 10' 
° 10 10' 



■ = — V = 10 ', 



^ 



&c. = Stc. 

Therefore, in decimal nambers, the characteristic is negative, 
and ffrealer by one than the number of the ciphers after tbe 
decimal point. 

* Mantissa, a Latin word, meaning a handful thrown in 
over and above the exact weight. 
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Proofs of the principal properties of Logarithms, 

I . The Log. of the product of two numbers is the sum of 
the Logs, of the numbers. 

Let the numbers be N and M, and 
let X = Log. N, y = Log. M, 

or, N = 10', M = 10^ 

.*. M X N = lo* X ic/ = io'+»' * 
.\ X + y is the Log of M x N, by the definition 
t.(?., Log. (M X N) = 0? + y = Log. N + Log. M. 

. 2. The Log. of the quotient of two numbers is the 
difference of the Logs, of the numbers. 

For, T7 = — = lO* % 

' M icy' ' 

N 
•. x—y is the Log. of ^ 



• • 



M 



i.e., Log. ^j^^ =r x — y- Log. N — Log. 



M. 



3. The Log. of any power of a number is equal to the 
Log. of the number multiplied by the index of the power. 

For, since N = lO', 

(Ny = (lo';'^ = lo** 

/. rx is the Log. of (N)' 

i.e.^ Log. (N/ ■=. rx ^=^ r Log. N. 

4. The Log. of the root of a number is the Logarithm of 
the number divided by the quantity expressing the root. 

For, since N = lO", 

1 1 jr 

(N)r = (10')^ = ICV 

X i 

/. - is the Log of (N) ' 
r 

/. Log. JN ' = - = — 1 

r r 

Hence it appears, that by means of a table of Logs., multi- 

plication may be performed by addition ; division by subiraC" 

lion ; involution, by multiplication ; and evolution, by division. 

• Todhunter^s Algebra, Art. 317 




CHAPTER VL 
On the Use of the Tables of Logs. 

RULE I. 

To find the index of the Log. of a whole < 
number. 



The index is one less than the nnmber of the figurea in 
Ihe integral part of the number. (See page 45). 



Conversely : The number of integers in a number will be 
one more than the indeic of the Log. of the number. 




BULE n. 

To find the index of the Log. of a decimal fraction. 

The index ia negative, and one greater than the number 
of the ciphers following the deoimal point. (See page 45). 



4, &c. 

Conversely : The number of ciphers, after the decimal 
pointj will be one less than the characteristic or indes of the 
Logarithm of the number : or, the decimal point co'tnted 
with the ciphers will make wo the index. 



i 



To Ezplain the Use of the Logarithmic Tables. 

(77/e Ta/tlen here referred to are those edited by Ih-. Inman.) 

I. To take out the Log. of a natural nnmber 

If the number consist of not more than four figures, the 
<]ecimal part of its Log. may be taken out at once by inspec- 
tion from table at page 217, and the index is to be prefixed 
according to Rule I. Thus, Log. 2 = 0'30I030; Log. 250 
= 2-397940; Log. 1280 = 3-107210; &:c. 

II, When there are more than four figures in the number, 
we must proceed as in the following example: — 

To find the Log. corresponding i 
12834568. 



the natural number. 



From the accompanyiogTable, Log, 1283 = 
Parts for 4, in right-hand column 
,- S „ ,. 

6 



10S227 



-10838 1200 



1 



The number of figures in the given number being 8, tbe 
characteristic or index will be 7 (Rule I.); thus Log. 12834568 
= 7-108381, omitting the three last figures. 



ft 



The fignres are to be set one to the right eacli time. 
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Extract from the Table (p. 219, Inman'a Tables). 



P 



No. 


LoE, 


Part. 


1280 


I072IO 


000 


I 


■07549 


034 


2 


1078S8 


067 


3 


108227 




4 


108565 


135 


5 


108903 


169 




109241 


203 J 


7 


109578 


237 1 




109916 


270 


9 


110253 


304 



Examples. 

I. Find the Logarithm of 876. 

3564. 
1725674, 
9S7654267. 
■0876. 
■000856736. 
■003564- 
753-4123, 
109872-5. 
h or 7S 
^, or -625 
2ioJj or 2io'5, 
3i3i>or3>3-2S. 
33-33- 



Ans. 2-942504. 

Am. 3'S5i93f^- 

Ans. 6-236959. 

Ans. 8-994606. 

Ans. 2-942504. 

Ans, 4*932847, 

Ans. 3-551938. 
Ana. 2-877033. 

Ans. 5 -04c 

Ans. i'S75o6r. 

Ans. 1795880, 

Ans. 2-323252. 

Ans. 2*49589 

Ans. 1-522871 

III. To find the number corresponding to Log. '?-io838i. 

Look for the decimal part of the Log. in the Tables, and 
if found exactly, the number opposite will be that required, 
adding, if necessaiy, as many ciphers as will make it to 
consist of a number of figures exceeding the index by one. 
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<?/ 



But if you cannot exactly find 108381 

Put down the next less . . 108227 = 1283. 



And take the diflFerence 
Parts next less than 154 



• • 



99 



jy 



99 



9* 



190 



210 



154 


135 = 


190* 
169 = 



5 



210 
203 = 



Sum 1283456 



Thus, Log. 6*108381 =s 1283456. 
The index being 6, the figures in the number must be 7 
(by Rule I). 
Similarly, 
Log. '1283 = £-108227; Log. '001289 = 3*1 10253. 



2. Find the natural numbers corresponding to the follow- 


ing Logs. : — 




1-567342. 


Ans. 36-92676. 


3-892465. 


Ans. 7806-671. 


0-927634. 


Ans. 8-465139. 


1-186324. 


Ans. 0-1535763. 


4-321546. 


Ans. 0-0002096. 


2-532165. 


Ans. 0-0340537. 


5-456789. 


Ans. 286278-206. 


61012345. 


Ans. 1028830-707. 


7-103412. 


Ans, 12688523-202. 


3-413715. 


Ans. -0025924. 


5-234567. 


Ans. -000017162. 


6-371806. 

• 


Ans. -000002354. 



* A cipher is added after each subtraction to compensate 
for the figures oraitted in the Log. after the sixth decimal 
place. 
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IV. To take out the Log. Sine, Cosine, Tungent, ^c, of 
any angle. 

Tn table at page 37, look for the degree at t!ie top of the 
pafje, and the minutes and secouds at the left-hand side, if 
the angle be less than 45°; hut for the degrees at the 
bottom, and the niiiiutes and seconds at the right-hand side, 
if the angle be greater than 45°. 

Tims, Log. Sin. 30'^ lo' 15" = 9701205 ; and Log. Tan. 
50° 6' 30"= 10-077855. 

But if the angle be required to the nearest second, proceed 
as in the following examples : — 

To find Log, Sin, 30* 3o' 41", and Log. Cos. 40° 39' 52" 
to the nearest second. 

Set down the Log. Sines corresponding to the minuteH 

next lesx and next greater than those ia the given angle. 

Take the difference and mark it + or — according as the 

second Log. is greater or less than the first, thus : — 

Log. Sin. so° 2o' = 9703317 

Log. Sin. 30 21 = 9703533 

Ditf. for I' = -4- 216 

Now as 216 is the difference for i' or 60", w 

proportion the difference for 41" {x), su[)pose, 

For 60 : 41 : : 216 : x 

216 X 41 
- - - ^ - = + 148. 



1 find by 



■ -^ - 65" 

.-. Log. Sin. 30° 20' 41" = 9703317 + 148 = 9703465. 

To find Log. Cos. 40° 30' 52". 

The Log. Cosine is fonud in a similar manner. 

Log. Cos. 40° 30' = 9-881045 

Log. Cos. 40° 31' = 9-880938 




DiSF. for 




I' 


= 


-107 


Then 


60 


: SZ : 


: 10; 


^ 


■ a> 


_ 


107 X 


_53 „ 


-nfi 



Cos. 40° 30' 53" = 9'88i045— 96 = 9'88o94g. 



J 



PLANE TlilGOKOjrETRY. 69 

The Log. Tangents, Log. Secants, &c., of Angles are 
fonnd in the same way. 

If the Sine, Tangent, or Secant of an angle greater than 
go' he required, diminish the angle hy 90°, and take the 
Cobine, Cotangent, or Cosecant of the remainder. Thus, 

Sin. 120° = Cos. 30° Tan. 120° — Cot, 30°, 
Sec. 120*^ = Cosec. 30", &c. 



> 



Examples. 

1. Find the Sine of 6° 36' 27". 

2. Find the Cosine of 31 28 42. 

3. Find the Sine of 86 317. 

4. Find the Cosine of S7 3^ 36. 

5. Find the Tangent of 40 20 10. 

6. Find the Secant of 79 2 S- 



Ans. 9-060951. 
Arts. 9-930866. 



^vs. 972970; 
Am. 9-928983. 
Ans. 10730757. 



V. To lake out an angle corresponding to a given Log. 
Sine, ^c. 

Ex. To find, to the nearest second, the angle correspond- 
ing to Log. Sin. 9703465. 

Seek in the colnmn of Sines for two Logs, between which 
the given Log. lies (taken at the nearest minutes). Untler 
the given Log, place the two so taker, out, and proceed thus, 

Given Log. 97034S! i F;„t Diff. ,48 

Log. Sin. 30° 20 9703317 „ ,„.„ , 
Log. Sin. 30 21 9703533 p™"™ Diff. 216 
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Now as 60" give a diflF. of 216, we can find, by Propor- 
tion, those corresponding to 148 (x), suppose. 

For 216 : 148 : : 60 : J? 

148x60 „ 

.•. X = -- — -p — = 41". 

21O ^ 

These being added to the first angle, we have 30° 20' 41^ 
In the same way we may find the angle corresponding to 
Log. Cosine, Log. Tangent, &c. ' 



3. Having given Log, Sine, Log. Cosine, 8fc., to find the 
angle to the nearest second. 

1. Given Log. Sine = 9*356241 ; find the angle. 

ns. ^fflf 

2. Given Log. Cosine '=■ 9873241 ; find the angle. 

Ans. 41° 40' so". 

3. Given Log. Tan. = 9796342; find the angle. 
Ans. 32° I' 58". 

4. Given Log. Hav. = 9*818753; find the angle. 

Ans. 108® 31' 4". 

5. Given Log. Tan. = 9*928983 ; find the angle. 
Ans. 40® 20' lo''. 

6. Given Log. Sec. = 10720757; find the angle. 
Ans. 79° 2' 5". 

Ohs. All the Log. Sines, Cosines, &c., in the Tables are 
increased by 10, in order to avoid the use of negative charac- 
teristics. For example. Sin. 30° equals ^, or '5 (see Chap. T, 
Art. 30), therefore. Log. Sin. 30° = Log. -5, or 1*698970. 
As it would be inconvenient to place it in the tables in this 
form, 10 is added vo its characteristic, when it becomes 
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9"698970 ; and so in other cases. Care must be taken, tlicre- 
fore, wlien we are using the Log, Sines, Cosines, Stc,, from 
the Tables, to reject lo for every one used. Thus, suppose 
it is required to find by Logs, the value of a? in the equation 
X = o.Sin. B. Then we have 

Log. X = Log. a + Log. Sin. B — lo. 
anbtracting lo from Log. Sin. B, for the reason above 
mentioned. 

If the equation were t = a.Sin.'Bj then we should have 

Log. X = Log. a + 2 (Log. Sin. B — lo), 
or, Log. a = Log. o + 2 Log. Sin. B — 20, and ao on. 



The Table of Haversines. 

This table is found at page 217 (Inman's), and is so 
simple in its arrangement as to require but little explanation. 
The Logs, are computed for every 15", but should greater 
accuracy be required, the Log. Haversine of an angle to the 
nearest second may be found in the same manner as the Log. 
Sine. Log. Cosine, &c. 

VL To take out the number of hours, niwutes, and 
Kcondg, correspondiitg to a given Haversine. 

Ex. To find the Time corresponding to Log. Haversine 
9-056211. 

At the top of the page in which the Log. occurs you will 
find 2 hours, and vertically over the column to which the 
Log. belongs is 37 minutes, while in the column of seconds 
at the left side of the page, and in a line with the Log. will 
be found 44 sec. 

Thus, the time required is 2" 37"" 44". 



I 



L 



4 



LOGARITHMS. 

VII. To take out the Versine of anyle to the nearest 
second (Iiiman's Tables, p:ige 348). 

Ex. Find Vers. 52° 20' 30". 

Look for the degrees at the top of the page, 
and the minutes at the left-hand side, and at the 
angle of meeting you will find .- , .. 0388933 

Again, look for the degrees at the top of the 
next page, and the seconds at the left side, and 
under the column belonging to 52°, marked o',' 
and in a line with 40", you will find . . . . 153 

"Which, added to the first part, gives the Vers. 

required . . . . , , . . . . . , 03S9086 



VIII. To find the angle corresponding to a given Versine. 

Ex. Find the angle corresponding to 0389086. 

Put down the given Versine . , 03S90S6 

Under it put the next less in the 
table, with the corresponding angle 038S933 . . 52° 20' o" 

Difference . . . . 153 

Put your pen on 52" in the right- | 

i.and page, and move it down the 
column niarited o', till you come to 
153. The seconds opposite 153 in 
tlie left-hand column iire . . 

Therefore, the angle required is 



* This column is to be entered when the minutes in the 
angle are less than 30, and the next column when they are 
(j;r2ater than 30. 
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Mnltiplication by Logarithms. 1 


Rule. Add together the Logs. 


of the factors ; the result 1 


'' will be the tog. of their product, v 


hich take from the Tables 1 


in the 


usual way. 


1 


1 


Examples. 1 


(I) Multiply I2byg. 


(2) Multiply 2-5 by 8. I 




Log. 12 = 1*079181 


Log. 2-5 = 0-397MO 1 




Log. 9 = 0-954243 


Log. 8 = 0-903090 I 




Log. 2-033424 


Log. 1-301030 1 




Arts. 108. 


Am. 20. 1 


(3) 


Find the product of 3846 
Log. 3846 = 3-585009 


,.,. ^ 




Log. -056214 = 2749845 


216-199 '^n$. ^^^1 


2-334854 




The index, 2 = 2 + 1 (carried) + 3=7 + 3. f 




Find by Logs, the 


product — 


(4) 


Of 120x15 and 150x14. 


Ansrs. 1800, 2100. 


(i) 


Of 130 X P2 and rg X -12 


Ansrs. 156, -228. 


(6) 


Of 1234 X 1-33 and 135-8 > 


-0002. 
Aiisra. 1517-82, 02716. 


(7) 


Of i3'S2x-ois and 14-53 


X -014. 

Ansrs. -2028, -20342. 


(8) 


Of -0052 X 13s and 234 X 


0023. 

Ansy-s. -702, -5382. 


(9) 


Of 2413 X 6052. 


Ans. 146-03476. 


(10) 


Of 49-51 X 283-605. 


Arts. 14041-28. 


(■■) 


Of -007461 X ■3351767. 


Ans. -00250075. 


(12) 


Of 58 X 1-405 X840. 

Find the continued product 


A»s. 68451-6. ^_ 


(■3) 


Of 240 X -24 X -0024 X 2400. A-is. S3^'77- ^^^H 


(14) Of 78524 X -00079 X 24 X ■ 


0000036. ^^^H 






Atts. -00535972. 1 






m 
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Division by Logarithms. 

Rule. Subtract the Log. of the divisor from that of the 
dividend; the result will be the Log. of the quotient. 



Find by Logs, the quotient 



I. Of 35274-^5678. 



Ans. 6*2124. 



2. Of II H-'3929. 



Ans. 27*997. 



3. Of -9649 -^3 5*005 ^3- 



Ans. '027564. 



4. Of '26439 -^ '28629. 



Ans. '923502. 





Find the value 


5- 


Of '9^ 

72 


6. 


Of ^9. 

•72 


7- 


Of '^345 . 
928 


8. 


Of- 74 . 

'0000435 



A71S. '2639. 



Ans. 26'39. 



-4w5. -00003717. 



24rw. 1701155-12 



* As — ? expresses 19 h- 72, we have only to subtract 

72 

Log. 72 from Log. 19 to obtain the Log. value of the 
fraction. 
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Involution by Logarithms. 

Ruh. To raise a number to any power ^ multiply the Log^ 
of the number by the index of the power; the result will be 
the Log. of the required power ; if the index be a fraction, 
multiply the Log. by the numerator, and divide the product 
by the denominator. 

Examples. 

1. Find the 4th power of 2. 2. Find the value of ('2)^. 

Log. 2 = '301030 Log. 2 = 1-301030 

4 4 



1-204120 5 

Ans. 16. 



3-204120 



1-440824 
Ans, '275. 

lu Ex. (2) the index 3=1x4+1 (carried). 
See also Obs. on next page. 

3. Find the Sth power of 11. Ans. 161051. 

4. Find the cube of 196-3. Ans. 7564151. 

5. Find the cube of -008 Ans. -000000512. 

Log. -008 = 3-903090 

3 



7709270 

The index 7 = 3x3 + 2 (carried). 

6. Find the square of -08567. Aas. 007339. 

Find by Logs, the value of each of the following ' 
expressions : 

7. (-204)*. An^, "00000299. 

8. ('975)^^. Ans. 006324. 

9. (-096)y. Ans. -272. 

10. (*472)». Ans. -7162. 

1 1. (-2)1^. Ans. -2287. 

12. (202)**'. Ans. 10-17. 



K 
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Evolution by Logarithms. 

Rule. To find the root of a given numberj divide the Z.07. 
01 the number by the index of tbe root ; the result will br 
Log. of the required rooi. 

Example. 
Find the cube root of 08. 

3 1 2-903090. . (Log. of -08) 

1-634363 
Ans. ■4309. 

Oba. In a case of this kind, in which the index is nega,- 
tivBj and not divisible by the number expressing tlie root, 
it is necessary to increase the negative index by as many 
units as will render it divisible, and then carry so many to 
the decimal. Thus, in preceding examplCj 2 = 3+ r, and, 
therefore, 



ij i + -634363 or r634363. 

Examples. 

VmA by Logs. 

I, The square root of 3'62i409. Ans. i'903. 

3. The cube root of 3852. Ans. 15-675. 

3. The 5th root of 24371-53. .-Ins. T^JQT?. 

4. The square root of -007S030S. Aits. '0333688, 

5. The 19th root of -00123456. Ans. 703944. 
Find by Logs, the value, &c., 

6. Of v'3'x^4xv^ '^"*- 2-814. 

7. Of v''2i5>: v'412. Ans. 1-159. 

8. Of v'C^^xv'CS^- ^^"^- ''^Sf*- 

9. Of v'f xv'f Am, -6919. 



LOGARITHMS. ']'] 



To Adapt an Expression to Logarithmic Computation. 

Let it be required to find the value of a? in the equatiooj 

We shall have 

iLog.arss (2Log.aH-3Log.ft + iLog. c) — (sLog. rf+|Log.A) 

Or, 

Log.a?=2(2Log. a f 3Log. i + JLog. c— sLog. rf— ^Log. A) 

Examples. 

Adapt to Logarithmic Computation and find the valae 
of a? in the following equations : 

I. 0? = abc : a: = - : x=^a^t^ : x:=^\/aXy/bxy/c. 



Ans. Log. a: = Log. a + Log. b + Log. c : Log. x = Log. a — Log. A : 

Log. a? = 2Log. a + sLog. b : 
Log. X = iLog. a + iLog. b + ^Log. c. 

Ans. Log. j: = iLog. a + Log. A +iLog. c — Log. d: 
Log. X = Log. aH-2Log. 4 + iLog. c— sLog. rf— JLog. €: 

Log. ar = 2Log. a + Log. A + 4Log. c + ^Log. d - Log. « 

- iLog. f - 2Log. ^. 
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Ans. Log. j;=^{Log. a + 2Log. i — Log. c^^Log. d\ : 

Log. X « •J{2Log. a + iLog. b 4 -jLog. c — 2Log. b 

— 4Log. d — iLog. e} : 

Log. X = Log. 6 + iLog. d — 2Log. a — ^Log. c. 



Find the value of x in the following expressiond ; 

(1) X = '^S^ . ^W5. 66-66. 

•000084 

(2) ..=^Mh-953_x 774^222^. ^»*. I. 

IOI7 I 107 615 565 

(3) ^ = (7'543S6/- Ans. 79ioi3S5' 



(4) X = -^-248. ^w«. 7056. 

(5) 30^ = |. Ans, '9085. 

(6) j:^ = ^. 24w«. -064. 

(7) a»^=: -4^. ^/w. 2159, 

•0059 

(8) 3* = 5. Am, r46, 

(9) S' X 6^ = 1456-4. 24w«. 1-402. 

(10) 2*' = 4. Am. '6309. 

, . a' . Loff. c 

(11) t; = c. ^4w*. iT =s =■ ^^^= — ,. 

' b' Log. a— Log. ^ 
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Calculation of Expressions. 

:, Calculate the value of V 1856 x 31^ x _(7ji) 

V 6i2« X 1928^ 



10 



Numerator, 

Log. 1856 = 3-268578 

5 Log. 31 = 7-456810 

10 Log. 7-81 = 8-926510 



Denominator, 

2 Log. 612 = 5*573502 

3 Log. 1928 =: 9*855321 



15-428823 



19-651898 
15-428823 



4-223075 



1-407691 

a 

2. Find the value of 
dns, -153553. 



Ans^ 25*56 



281 X 2-71828 X -09 
84000 X -7301 X '0073 



— • 



3. Calculate the value of — 5 — » 



Ans. -145833. 



48^ X 112* 



4-*x 5"^ 
35 X ^2 



^, , . , ^ (III)* X (8563)* X (562)* 

4. Calculate the value of ^^ ^ \_^_o/ \p__2. . 

(98732)^ X (3462)* 
Ans. 58-77. 

5. Find the value of 

Ans. '00001 1 5. 

6. Fiud the value of 

Ans. 107-124. 

8. Find a 4th proportional to 357*109, 50008, and -031 

Ans. '4341 1 1. 

9. Find a 4th proportional to i/i^ -^4, ^5. 

Ans, I-353, 



7_\/i5 
-015 



X -0139 



\/^ 



^O LOGARITHMS. 

Calculate the values of the following expressions — 

121 i/333 . ^ 

I. — 7 — r^. Am. 231-063. 



(f 



•08 X 240 . 

2. -2^ Ans. 17-027. 

I -5 X (7)T 

3. - A/ri('o69)*. ^Jw. *2699. 
4 



5. 59 -s- V-0888. Am. io8-o8i. 

6, J|^.^. Ana.8'qoyj2, 



i . y/Hlil^. ^«,. ..334. 

8. I22iii2_. Ans. -26472. 

(3-iV)^ 



^ 0: • ^^' 



1 0*01 X ('099)^ 



,0. ^^io-oixt-099;» ^ ^„,. 1-157. 



II. ^^. -4= . (U)'»- ^«'. 1-4928. 

19 V'827 ^ ' 



"• T^V^r ^»«. -00407.. 



TX>CAKIT5IM8. 



Given 95 ■ 003.^64° ^ Co8ec.»io8°; to find the 
Tan. ^1° ^/x 
value of X. 

Multiplying by v^ we have ^~ '-~-=Cosec.* ioS° . ^/r. 



.-. ySi 



95 ■ Cos.°64° 



Tan.si^.Cosec.^ 1 08' 
Or, x= (95 . Cos.'64 . Cot. 5 



95 .Coa.'64° Cot-S i*.Sin.^lo8. 
lin.^ioS"]*. 



I")g. 95 = r977734 When a Log. Sin., &c., 

2 Log. Cos. 64° = T"283684 has to be raised to a given 
Log. Cot. 51° = T 908369 power, we subtract 10 from 

3 Log. Sin. ioS°= T'9346iS the Index, and treat it in the 

same manner as the Log. of 

1-104405 a Number. 



2-2oS8io 
X = 1617. 



Find X in the following expressions t 

(')■ 9'5-Sin-M7° = Cosecni" Ai>3. -0007606. 

Tan. $2" ^x 

(2). '■■'^"-'■'5° = -J2iL^. Am. 2-SS8. 

^ v'Coscc. 60^ 

(3)- ""^ ° 



'"•^^j^-'"5° ^ 15-6 ^„, ,g, 8_ 

^x ^Tan.<46<' 

fl.Tan. A . Sin. B , - . ^ 

X = ^i — j=i , where a = 410 feet, 

A = 23°stf IS", B = 54*28'3o", C= 147" 32' 50", 

Am. 2787 feet. 
G 2 



S2 LOGARITHMS. 

Having given the numerical value of a trigonometrical 
ratio to find the angle. 

T 2 C 

Ex. Given Sin. A = — i ; find angle A. 

327 

We have, Log. Sin. A— 10= Log. 125— Log. 327 
Or, Log. Sin. A=io+Log. 125— Log. 327. 



Calculation. 

10+ Log. 125 = 12-096910 
-Log. 327 = 2-514548 

Log. Sin. A = 9-582362 
.•. A = 22® 28' 30". 



Examples. 

Find angle A in the following examples : 

23 

(1) Sin. A = J • Ans. 30° 44' 15**. 

IS 

(2) Cos. A = -^- Jns. 6f 58' 30" 

(3) Sec. A = i||- Ans. 10^ 15' 45"* 

(4) Tan. A = ^- Ans. 19° 3/ 15". 

(5) Cot. A = 1^- Ans. Z(f 48' 15". 

4Q 

(6) Tan.'A = H- Ans. 49^ 24' o". 
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^^ 


In a right-angled triangle, ABC, 


C being the right 1 


angle ; — 


■ 


Given the perpendicular (a) = 125, and the hypotheneose 1 

(c) = 327, to and angle A. " 1 


Placing one number under the other ia the form of a J 


fraction, we have 


^ 


lis =£«:^^ si^A 

327 hyp. 


1 


327 = .^ = Cosec. 
135 per),. 


' 1 


Angle A ia then found as in the precedin 


g examples. H 


In the right-angled triangle ABC, C being the right angle, 1 


(7) Given a= 91, c = 103; liud A. 


Ans. 62° 4 Q- 


(8) Given ft = I3i, c = 153; find A. 


Ans. 37 44 


(9) Given a = 120, fi = 13' J find A. 


Am. 43 29 3a 


(10) Given c = 250, fi = iSi ; find A. 


Ans. 43 37 


(Ii) Given c = 250, 6=173; find A. 


Ans. 46 12 45 


(12) Given a = 120, A = 109; find B. 


Ana. 42 15 


(13) Given a =125, 0=185; find B. 


Ans. 46 S 5 


(14) Given c = 105, b= 84; find B. 


Ans. 53 7 4S 


(15) Given c= 135, a= 104; find B. 


Ans. 39 37 


{16) Given b = 105, c = 123; find B. 


Ans. s8 36 4S \ 


In a right-angled triangle, ABC, C being the nght 
angle, 

Given angle A = 50**, and hypotheneuse (c) » 150, find 
the perpendicular (a). 



F 


P 


■ 


84 ^ 


' 


Placing the side required to be found (a) in the numerator, M 
of the fraction, and the side given (c) in the denominator, we m 
have I 








_£- = £!^ = Sin. A. ^H 

130 ^^H 




Then; multiplying up, ^^^^^H 








^^H 








Log. 150 = 2-176091 ^^^^1 




The 


..... 


Sin. A = 9-884254 ^^^^1 


nns 10, islog. a = 2'o6o345 ^^H 








.-.0=1149 1 






10 is rejected for reasons stated ia Obs. p. 70. 1 




In the right-angled triangle ABC, C being the right angle, J 




(17) 


Given 


A = 49" 10', c = SO; finii a. Ans. 37-83 




(13) Given 


A = 52°3o', i=50S; find c. Ana. 829-6 




lis) 


Given 


A = 6i°26'i5", a=r50; 6ud 6. Ans 81-64 




(20) 


Given 


A = 70°8'45", c=202-5; find fi. Ana. 68-77 




(21) 


Given 


A =20° 15' 30", = 7-015; findc. Ana. 20-26 




M 


Given 


B=:30°IS', a=i'0i3; Audi. A/ts. -5907 




(23) 


Given 


B = 6o°2o'i5", a =14-15; findc. Ana. 28-59 




(24) 


Given 


B = 2o°i3' !<■" c=i2-4S; finda. Ang. ir68 




(25) 


Given 


B=i9° is' 45". 0=124-5; findfi. Ana. 43-51 




(26) 


Given 


£=1/" l8'3o", C-1-I234; finda. Ana. -1178 






Fui further Examples, see pages loi, 103, anil 132. M 




L 
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SOLUTION OF PLANE TRIANGLES. 



In solving triangles, the student should carefully bear in 
mind the following principles : — 

1. If the sides of a triangle be equal, the angles opposite 
those sides are also equal, and vice versd. (Euc. I,, 5, 6.) 

2. The angles which one straight line makes with 
another upon one side of it, are either two right angles, or 
are together equal to two right angles, or i8o°. (Euc. I., 13.) 

3. If two straight lines cut one another, the vertical or 
opposite anglis are equal. (Euc. I., 15.) 

4. The greater side of every triangle is opposite to the 
greater angle and vice versd. (Euc. I., 18, 19.) 

5. K a straight line fall upon two parallel straight 
lines, it makes the alternate angles equal to one another, 
(Euc. I.. 29.) 

6. If a side of a triangle be produced, the exterior angle 
is equal to the two interior and opposite angles; and the 
three interior angles are equal to two right angles, or 180". 
(Euc. L, 32.)* 

7. The square upon the hypotheneuse of a right-angled 
triangle, is equal to the squares upon the sides containing 
the right angle. 

8. The angle of elevation of an object is the angle 
between the horizontal line, and the line joining the eye of 
*he observer and the object (when the observer is below the 
object). 

9. TTie angle of depression of an object is the angle 
between the horizontal line, and the line joining the eye of 
the observer and the object (when the observer is above the 
object). 

10. The angles of elevation and depression being alternate 
angles, are therefore equal to one another. (See Appendix,) 

■ When the angles are given in compass points the 
three interior angles are equal to 16 points. 




Under the difference of 
the two sides containing the 
required angle, place the 
third side, and take the sum 
and difference, also the half 
sum, and half difference. 

Subtract the sura of the 
Logs, of the first two sides 
from ro, and to the remain- 
der add tlie Logs, of the 
half 8nm and half difference. 
The result will he the Log. 
Haversine of the required 
angle. 



4-920819 



Log. 2'i 76091 
Log. r69897o 



8795880 
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Examples for Practice. 

L Given a = 27, A = 32, c = 9 ; find angle C. 
Ans. C = 14° 37' 30". 

2. Given a =1500, A ==1342, c=iiiO; find the 
value of C. 

Ans. C = 45^ 33' 30". 

3. Given a = 649, b = 586, c = 757; find A, B, and C. 
Ans. A=56^ 4'; B=48^ 31'; C = 7S^ 25'. 

4. Given a = 50, i = 28^, c = 36jf ^^ ; find the angle A. 
Ans. 100® 47' 30''. 

5. Given a = 004, b = '0059, c = -0084 ; find angle B. 
Ans. 39° 38' IS''. 

6. Given a = 30, ft = 40, c = 50 ; find the angle 
opposite to the greatest side. 

Ans. 90®. 

7. Given a = 627, b = 1 140, c= 718*9; find the 
angle opposite the greatest side. 

Ans. IIS® 36^ 30". 

S. The sides ot a triangle are in the proportion of S'I2, 
6*27^ and 4*3 ; find the difference between the greatest and 
least angle. 

Ans. 40® 4' li\ 

coontinued At page 89* 



PLA5B TKIGOSOMETKT. 



SULE ] 

TArtf aides being giveti, to find an aitgle. 
Second Method. 

where $ = liaif the sum of the ndes. 



'=30 Log. 45.. 1-653213 L{^. 30..r477'z> 

! = 40 L(^. 25 . . 1-397940 Log. 40. . I -602060 

2 J90 Sum .. 3-051153 Log. be = 3079 18 1 

' — Log. be. . 3-o79i8l 

r = 4S 



28" 5/ 3rf' 



* When the index of a Log. is negative and not divisible 
by a given number, we must add to it as many negative 
units as will render it divisible, placing the same number of 
pt/silive units before the decimal part of the Log. Thus, ia 
the above examjjlc, 

Siuce — I = — 2+1, we have 
vszmi = 2_+iM2m = r + -9S;9S6 = T-9SS9S6. 

t 10 is added here to obtain the tabular Log. Cosiue. 
Vide Chapter on Loguvithms, Ol/s. p. 70- 



i 



SOLUTION OP PLANE TRIANGLES. 



Examples for Practice. 

g. The sides of a triangle are in the proportion of S, 
672, and 275 J find the difference between the greatest and 
least angle. 

Ans. 88" 39' 45". 

10. Given a = J, b = -541, c = -674; fiud the angle 
opposite the least side. 

Ans. 20° 11' 15". 



11. Two landmarks are 5 miles apart ; a ship is stationed 
4 miles from one, and 3 miles from the other; find the 
angle which they suhtcnd at the ship. 

Ans. go". 

12. Two ships are at anchor 798 yards apart : a boat is 
itatioDcd 460 yards from one, and 654 yards from the other; 

what angle will they subtend at the boat? 

Aji3. 8g* 4S' 45". 

13. Two headlands are 512 miles apart; a ship finds 
herself 62^ miles from the westerly one, and due south of it ; 
if the distance of the ship from the easterly one was 4^3 
miles, how did it bear fi-om her ? 

Alls. N. 54° 8' IS" E. 

14. There are three islands, A, B and C ; the distance 
between A and B is 20 miles, and C is 30 miles firom A and 
40 miles from B ; A being due North of C, and B to the 
Eastward of A, how will B bear from C? 



L 



Ans. N. 28" 57' 15'' K. 
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PLANE TRIGONOMETRY. 



BITLE 11. 

OJ two sides and the angles opposite to them, any three 

being given, to find the fourth. 

Example. 




Given 0=214, £=191, 



and A=4I®I9'I5"; to 



find B^ C^ and side e. 



I When the part required is an angle. 

Write down a proportion having the sine of the required 
angle for the first term, the sine of the given angle for the 
second, and the sides respectively opposite to them for the 
third and fourth terms. 



Thus, 



:: b 



: a 



Sin. B : Sin. A 
or. Sin. B : Sin. 41® 19' 15'' : : 191 : 214. 



Add together. 

Log. Sin. 41® 19' IS' 

and, Log. 191 



From the sum 

. Take Log. 214 

The remainder 



9-819725'] fLogs. of the* 
> . . < two middle 
2-281033] l^ terms 



12-100758 
2-330414 {Log. oilast term) 






B = 



9770344 = Log. Sin. B. 
36" & 30". 

(continued ai page 92* 



BOLDTtON OP PLANE TRIANGLES. 



Examples for Practice. 



D 


c, 


Given 
and c. 


» 


= 47, 


« = 53, 


A = 36° 42' 30" 


; lind 






Am. 


B = 


42° 2- 


■4S"i C 


= 100° 54' 45"; e 


= 7721. 


B 


2 


GiTen 
andc. 


h 


= 312, 


= 517 


and A = 124° 


2'i find 






Am. 


B 


= 29» 

c= 27 


48' 45"; 
1745- 


C = 25° 39' IS 


'j and 


3- 

other 


Given 
parts. 


A 


= 35° 


35' 30", 


a = 6, 4 = 4; 


find the 



Ana. B = 



22°49'45"; C= 121° 34' 45"; £=8783. 
40° 15' 35"; B = 45°, a = -02i,; fiod 



4, Given A 
the other parts. 

^wa. C = 94° 44' 35"; b = -02735 ; 



; = -03354. 
25" 25' 25"; 



5. Given a = 639, fi = 765, and 
6nd tbe other parts. 

Alls. 6 = 31° 28' 30"j C = 123° 6' 5"j and 
c = 1227-32. 

6. There are three ships. A, B, and C, at anchor in n 
roadstead. At A, the angle subteuded by the other two 
ships, B and C, ia found to be 41° 19' 15"; B is known to 
be 214 yards from C; and C, 191 yards from A; find the 
iliatance between A and B. (See Fig. p. yz.) 

Am. 3l6'3 yards. 

7. The distance of the Britannia from the end of Port- '' 
land Breakwater was I '5 mile; the distance of the Nothe 
from the same point being 2 miles, and the angle between ' 
these two points being found at the ship to be 45" ; it is 
required to find the distance of the Britannia from the 
Nothe. 

Ant. 2756 mileB. 

IcontiDucd at pnge 93. 
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'. TRIGON'OMETRY. 



RULE II— continued. 

Of two sides and the angles opposite to them, antf thre'. 

ieitig given, to find the fourth. 

To find angle C. 

To angle A = 41" 19' 15" 

Add angle B = 36 6 30 



Take the Bum (A + B) = 77 25 45 
From 180 



Then angle C = 102 34 IS 

II. When the required pan is a side : 

Put the required side in the first term, the given aide in 
the second, and the sines of the angles respectively opposite 
to them in the third and fourth terms of the proportioa. 

Thus, c : a :: Sin. C : Sin. A 

To Log. a 

Add Log. Sin. C = 

From the sum \2'^iij8y6 

Take Log, Sin. A = 9'8i9725 



2-330414 
9'9S9462 



The remainder 3'500i5i = Log. e. 

:. c = 316-3* 

* Tiie side c may also he found as follovFS : 
From the above proportion, we have 

c = ^J ^^'^- ^ = a . Sin. C. Coscc. A 
Sin. A 

Log. a = 2-330414 

„ Sin. C = 9'989462 
„ Cosec. A = 10-180275 



Ijog.c 



= 2-sooisi 
c = 316-3. 



SOLUTION OF PT.ANB TRIANGLES. 



Examples for Fractice. 

8, A lighthouse was observed firom a ship to hear 
N. 45° E., and after sailing due South for 6 miles it bore 
N. 30° E. ; find ita distance from the ship at the last 
observation. 

Arts. i6'39 miles. 

g. To determine the distance of a ship at anchor at C 
I measured a base line AB of looo yards on the shore ; at 
A the ship bore N. 57° 50' E., and at B, N. 6° 41' W.j 
required the distance of the ship from A ^AB lying E. 
and W.). 

Ana. 11002 yards. 

10. A ship observed a mountain to bear N.E., and after 
she had sailed W. by S. 20 miles, it bore E.N.E.; required 
its distance at the second observation, 
Aim, 2q'04 miles. 

IJ. Two iron-clads, A and B, intending to bombard a 
fort, took up oosmona 450 yards apart; at A, the angle 
between B and the fort was 6o°j and at B, the angle between 
A and the fort was 50"; whether was A or B nearer to the 
fort, and by how much ? 

Atis. A, by 47'9 yards. 



12. A ship anchored near the south-western extremity of 
a reef which stretches N.E. for a distance of g mileSj finding 
the wind coming in strong from E. by N., reaches off to 
seaward on the port-tack, close-hauled ; how far must she 
sail before she can " go about," so as to clear the other end 
of the reef, if she can lay within 6 points of the wind? 
Ans. 7'07 miles 




PLANE TRIGONOMETRT, 



RULE ni. 

Two sides and the included angle being given, to find the 
other two angles, and the remaining side. 

Example. 




= 70 J 



Given a 

and 
angle C = 66° 20' 30' 
to find A, lA, and c. 



64. 



First, to find A and B by the proportion, 
*Tan. i(A-B) : Tan. ^(A + B) :: a-b : a-V. 
Subtract C or 66° 20' 30" a = 70 

From 180 A = 64 



Then, A + B = 113 


39 30 


1 + 4 =134 


rmdKA + B)= 56 


49 4S 


a-b = 6 


•. Tan i(A— B) : Tan. 56° 49' 45" ;: 6 


: 134 {By formula). 


Add together- 






Log. Tan. 56° 49' 45' 


. 10184652' 


"Logs, of the' 


and. 




• - < two middle > 


Log. 6.. 


• 7781S1J 


terms 


From the sum 


. iO'9G28o3 




Take Log. 134 


. 212710S {Log. of /asi term} 


The remainder 


. 8-833698 = 


= Tan. J(A-B) 

(coDliDued Al page 9G 



* When Bide b is greater than aide a, angle IS is 
also greater than angle A, and the formula becoraea 
Tan. i(l*-A) ■■ Tan. K^ + A) :: b-a : bA-a. 



SOLDTIOS OF PLANE TRIANGLES. 



Examples for Practice. 

I. Given a = 399, b = 230, and C = 55° 2' 15"; 
fiiid A aud B. 

Anx. A = 89° 45' 37" 



2. Given b = 700, c 
find B and C. 



= 35° 12' 7"- 

and A se 66° 2cf 30" ; 
60° 44' 45"; C=S2° 54' 45". 



3. Given 0=512, £=627, = 42° 53' 38"; find 
A, B, and side c. 



Ang. A = 54" 8' 2 



, B = 82° 57' 56" ; C = 430' I. 



4. Given b = 2^, c=2, A= 22" 20'; find B, C and a. 
Ans. B = 108* 12' 30"; C = 49° 27' 30"; B = I. 



1 



5. Given = 798, 
Hide c. 

Am. c = 654. 



= 460, C = 5S°2' 15"; find 



6. Given c = 48, a = 96, B = 49* ; find ft. 
Ans. h = 739S. 

7. A ship sails due South 230 miles, then N. 5S°E. 399 
miles ; how far will she be from the place of her departure ? 

Ans. 5 26' 8 miles. 

8. A ship sails North 5 12 miles, then S. 42' 54' E. 627 
miles; what will be her distance from the place left? 

Am. 4301 miles. 

(eontinned at piig;e 37. 



plant: TRlGO'^-nMETRT. 



EULE III— continued. 



) sides and the included angle beirig given, to fi'ici the 
other two angles, and the remaining side. 

.: i(A-B) or, ik-^B = 3" 55' o" 
and|(A4-B) or, ^A + ^B = 56 49 45 



by addition 
i, by subtraction . . 



A = 60 44 45 
B = 52 54 43 



And c la found as in the preceding Bole, by the formi 
c : a :: Sin. C : Sin. A. 
Or, £ : 70 :: Sin. 66° 20' 30" : Sin. 60° 44' 45". 



Sin 


Log 
66° 20 


70 

30" 


z 


1-845098 

9-961874 


Sill 


60° 44 


45" 


= 


11-806972 
9940746 




Los 


c 


= 


1-866226 






c 


= 


73-49- 



L 



RULE IV. 
U'iten two sides and the included avgle are given, ftj find the 

third siile only. 
Ex. Given a = 70, 6 = 64, C = 65^io'30"; to find r. 
To Log. Tan. — 9-815348 ToLog.Cos.- 9-922748 
Add Log. {a + 6) 2-127105 
From the Sum 1 1 '94245 3 

Take Loff. [a—b) 0778151 A(l{lLog.{a!-fi) 0-778151 
rheremfisLog.Tan. 1 !■ 1S4302 And Log, Sec. 6 11-165083 

Their Suni 1-865982 = 1^, 

•■■ c = 73-44. 
See also Examples in Rule III, from 5 to the end. 



SOLniON OF PT,ANE TBTANTLES. 



Examples for Fractico. 

9. Two ships start from the same port ; one sails East 
798 miles, and the other, N. 35° E. 460 miles; how fai' will 
they be apart? 

Am. 654 miles. 

10. Being in a boat, I find my distance from a ship, A, 
to be 4'8 cables, and from another, B, to he 96 cables 
(hy taking their mast-head angles), and the angle between 
them to be 49'; find their distance apart. 

Ana. 7'4 cables. 

11. A ship sailing N.W., two islands appeared in sight; 
one bearing W.N.W., and the other N. ; when the ship had 
sailed 6 miles further, the first bore W. by S., and the ctiier 
N.E. ; required their bearing and distance from each other. 

Ana. S. 58° 40' W. 971 miles. 

12. Two forts protect the mouth of a harbour. I find 
my distance from one to be 300 yards, and from the other 
400 yards, and the angle bet-ivecn them to be lOO°. What 
in their distance apart? 

Ans. 540 yards. 



13. Wishing to know the distance of a battery from a 
town, from wliich it was not visible on account of a wood 
intervening, I proceeded to a spot from which both could be 
seen, and ascertained my distance from the battery to be 
800 yards, and from the town 1100 xard:;, and the angle 
between them to be 7^"} required the distance of the 
battery from the town. 

Ana. nSo'9 ynrds 



1 
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PLANE TRIGONOMETRY. 



EIGHT-ANGLED TRIANGLEa 



RULE I. 

Of the three sides of a right-angled triangle^ any two being 

given, to find the third, 

B By Euclid, Book I, Prop. 47 : — * 

hypoth? = base^ + perp} 

or, a^ _ j2 ^ ^ (,) 

.•. c^ = a2 _ J2 (2) 

and, b^ = a^ — ^ (3) 

b =s 40, c = 30 ; to find a. 

40^ + 30^ = 1600 + 900 = 2500. 
a = -v/isob = 50. 




c ^ 

Example I. — Given 
By Eq*^. (i) a^ = 






Example II 
By (2) 

or. 



. — Given a = 50, i = 40; to find c. 

c« = a^ -- S^ = (a - b) {a + ft) 
c^ = 10 X 90 = 900 

c = 30- 



Example III. — Given a = 50, c = 30 ; to find A. 

i^ = a2 _ c^ - (a _ e) (a + c) 
ft2 = 20 X 80 = 1600 
.'. b = 4o. 

Otherwise, by Logs. — 

ft ss ^20 X 80, or. Log. ft = i{Log. 20 + Log. 80} 

Log. 20 = I '30 1 030 
Log. 80 = 1-903090 



3-204120 



Log. ft = 1-602060 
• ft = 40. 



SOLUTION OF PLANE TRIANGLES. 

Examples for Practice. 

1. Given c = 300, i = 40O; find a. 
Alls. 500. 

2. Given a = 500, b = 400 ; find e. 
Ans. 300. 

3. Given a — 500, c = 300; find b, 
Ans. 4D0. 

4. Show tliat the triangle wliose sides are 3, 4, and 5, 
is right-angled ? 

5. Show that the triangle whose sides are 2, 3, and 4, 
cannot be right-angled. 

6. A ladder 60 feet long just reaches to the top of a 
house when its foot is 20 feet from the base ; find the 
height of the house. 

Am. 56-56 feet. 

7. A ship sails North lOO miles, then East 50 miles; find 
the distance made good. 

Ans. IirS miles. 

8. Two ships start from the same port at the same time ; 
one sails North 70 miles, and the other West 30 miles * 
how far will they be apart ? 

Ans. 76'i6 miles. 

9. Two ships start, at the same time, from places on tlie 
same meridian, and lOO miles apart; one sails in a North- 
easterly direction for 15 hours, at the rate of 10 knots an 
hour, and fulls in with the other that had sailed due East 
from her port; at what rate did the second sail? 

Ans. 7'4 knots per hour. 

10. A ladder 36 feet long may he so placed that it shall 
reach a window 30^7 feet from the ground, on one side of the 
street, and by only turning it over, without moving the foot 
from its place, it will reach another window i8'9 feet high 
on the other side ; what is the breadth of the street ? 

Ans. 4944 feet 
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FLAN£ TBIGONOMET&Y. 



RULE TL 

When two sides or one side and an angle are given, to find 

the other parts of the triangle. 

This rule naturally resolves itself into two cases. 



Case I. — Two sides being given to find an angle. 



Express the two sides as a ratio of the 
required angle. Thus, suppose b and c 
are given to find C, we have 

Tan.C = 7, or Cot.C=-, 
u c 

from either of which ratios the value of 
C may be determined. 




Example.— Given A = 90°, J = 80, c- = 150; to find C. 
Here, Tan.C = "1 : or Log. Tan. C — 10 = Log.c— Log. i. 

i.e.. Log. Tan. C = 10 + Log. c—Log. b. 

10 + Log. c = I2'i7609i 
Log. b = 1-903090 



Log. Tan. C = 10-273001 
•. C = 61° 55' 45". 
For other examples see page 83. 

continued at page 10^ 
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SOLUTION OF PLANE TKIANGLBS. lOI 




Examples for Practice. 


I. Given 
1 Ans. 


a» 172, and A=23°, C=90°; find B, b, and c. 
B = 67°; * = 405-2; c = 440-2. 


\ 2. Given 


a = 3 1 5, B = 60°, C = 90"; find A, b, and e. 


1 Ans. 


A = 30°; fi = 545'6; = 630. 


1 3. Given 
A. and B. 


a = 5-1303, c=l5; and = 90"; find 6, 


! Arts. 


6 = 1409 ; A = zo" ; B = 70°. 


' . .y Given 


A=49° 14', c=33r, B=90°; find C, a, and 4. 


Ana. 


= 40^46'; = 384; 6=5068. 


S. Given 


c = 694-73, A = 4° 44', B = 90*; find C, 


4ns, 


C = S5°iG'; 6 = 8419; c=8390. 


6. Given 

Ans. 


c = -04, C = 40^ B = 90°; find a, A, and A. 
A = 50"; a = -04767 ; b = -06223. 


7. From the bottom of a tower, EC, a distance, AB 
equfll to so yarda, is measured on a horizontal plane, and at 
A tiie angle BAG is found to be 25" 17'; required the 
height of the tower BC. 
tins. 236 yai-ds. 


8. A lighthouse, wliose height is 95 feet above the level 
of the sea, is observed from a ship to have an elevation of 
3° 10' 30"; what is the distance of the ship from the light- 
house ? 


Anj,. 


570-87 yards. 1 


9. A headland was seen to bear IVom a ship N.W,, and 1 
after sailing S.W. 5 miles, it bore North ; what was the dis- 1 
tauce irom the headland at the kst observation? | 


Am. 

• 


7'07 mUea. 1 
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PLANE TBIGONOMETBT. 



RULE n.— continued. 

Case II. — A side and an angle being given^ to find another 

side. 

With the side required and the given side form a ratio 
of the given angle^ having the side to be found in the 
numerator. 

Example. — Given A=90®, c=42, and C=50° lo'; find A, 



Here. - = Cot. C. or J « c . Cot. C, 

•*. Log. b = Log. c + Log. Cot. C — lo. 

Log. c 1*623249 
Cot. C 9*92 1 247 

Log. b 1-544496 
.•• b = 35-03 

For other examples^ see page 84. 
Given Ak590°, 0=0025, B=30® 10'; find the other parts. 



(u 

b = a.Sin. B 

Log. a 3*397940 
Sin. B 9701 151 

Log. b I-099091 
.*. b = -001256 



(2) 

e =i a. Cos. B 

Log. a 3*397940 
Cos. B 9*936799 

Log.c 3*334739 
and c = -002161 



And C = 90°-B = 90^-30° 10' = 59^ 50' 



BOLDTIOJT OP PLANE TKIANGLER. 103 

Examples for Practice. 

10. From the maintop of a two-decker, which was 8o feet 
above the sea, the angle of depression* of a target was 20°; 
required the distance of the target from th? ship. 

Ant. 2198 feet. 

11. Being ordered to lay down a target at 800 yards from 
B ship, what angle must I put on ray sextant, the height of 
the main-truck above the water-line being 200 feet ? 

Ans. 4° 45' 45". 

12. A tower 80 feet high stands on one bank of a river; 
the angle of elevation of its top, taken from a point exactly 
opposite on the other bank, is 20° ; find the breadth of the 
river. 

Ans. 2r9'8 feet, 

13. M^liat is the sun's altitude when an npriglit post, 
20 feet high, casts a shadow 16 U,et long? 

Ana. S i" 20' 30". 

14. A ship is bound to a port lying 400 miles to the 
southward and 500 miles to the westward of her ; what will 
be her course, and how far must she sail to reach her port? 

Ans. S. 51° 20' 30" W. 640-3 miles. 

15. The angle of depression of a ship at anchor I.OOO 
yards from the base of a cliff, is found to be 3°; find the 
Iieight of the cliff. 

Ans. 52-4 yards. 

16. The elevation of a church tower, taltcn at a distance 
of 100 feet from its base, was 50", and the elevation of the 
spire was 62° ; find the height of the tower and spire. 

Ans. 1 1 9" I feet and 6 8 "g feet. 



* For Angles of Depression, see Appendix 
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I04 PLANE TEIGONOMETRV. 



AREAS OF TRIANGLES. 



BULE I. 

Given two sides and the included angle, to find the area. 

The area equals half the product of the two sides multi- 
plied by the sine of the included angle. 

Example. 

Given a as 20, i = 30, and C = 40®; to find the area. 

6 




10 

Area = ^0 x 30 x Sin. 40^ 

Log. 10 I'oooocx^ 

Log. 30 1-477121 

Log. Sin. 40®. . 9-808067 



Log. Area .... 2*285 188 
.-. Area = 192*8. 

Obs. When the sides are given in feet, the area will bo 
In square feet, when in yards, square yar<ls. &c 



Examples for Practice. 
. Given 4 = 35 ^eet, c = 1 17 feet, 
Ans. 929' 5 square feet. 



A = 2/*; find 



2. Given 
find the area. 

Ans. 

3. Given 
the area, 

AnM. 



-- 2S71 feet, c = 10322 feet, A = 30"^; 



740'86 square feet. 

b = 123-2 feet, c = 76 feet, 



find 



3S33'2 square feet. 

4. Given 6= lOOO yards, c = 2\ miles, A = 42°; 
calculate the area in square miles. 

Ans. "4752 square miles. 

5. Given 6=127-3, t- = 8927, A = 126°; find 
the area. 

Ans. 45g58-625. 

6. The area of a triangle is I92-8 square feet, and two 
of its sides are 20 and 30 feet respectively; find the angle 
between them. 

Ana. 40". 

7. The area of a triangle ia 929-5 square yards, and two 
of its sides are 35 and 117 yards respectively; fiud the angle 
contained by tliem. 

Ans. 27°. 

8. Given the area of a triangle 3S33'2 square feet, one 
ans'e 49", and one of the sides including that angle 76 feet ; 
and tliG other side. 

Ans. 123-2 feet. 

9. If one angle of a triangle be 30°, and one of the aides 
containing it be 2871 feet, what must be tlie lengtJi of the 
other, in order that the triangle may contain 740-86 Bi]uaie 
feet? 

Ans. 103-22 feet. 



A 



I06 PLANE TRIGONOMETBY. 



KULE n. 



Given three sides, to find the area. 



Area = ^s.s — a.s — b.s^c, 
Where s is equal to half the sum of the sides. 



Example, 

Given a = 17*28, b = 13*2, c = 14*62 ; to find the area. 

a = 17-28 s = 22-55 * = 22-55 * = 22*55 
b = 13-20 a = I7'28 b = 13-20 c = 14-62 
c = 14-62 



«— = 5-27 «— 6=9-35 s-^cszygj 



2 1 45-10 
3 = 22-55 



Log. « = 1-353146 

Log. (s — a) = 0-721810 

Log. {s — b) =. 0-97081 1 

Log. (* — c) = o* 899273 



3-945040 



1-972520 
A Area = 93-86. 

Obs. If the sides are given in feet the area will be in 
square feet, if in yards, square yards, &c. 



SOLUTION OF PLANE TRIANGLE3, 



lo;- 



Examples for Practice. 

1. Given a = 131, b = 246, c = 337 ; find the area 
Ana. 14357-8 square units. 

2. Given a = 205 yards, ise 167 yards, c = 3'7yard8, 
find the area. 

Afts. 17101 yards. 

3. Given a = iSoofeet, b = I728feet, c = 1521 feet; 
calculate the area in square yards. 

Ans. 1343432 square yards 

4. Given a = 0-23 feetj b = -34 feet, c = -4$ feet 
find the area. 

Ans. '03816 square feet. 
$. Given a = $0J miles, ft = 603 miles, c = 7ZI miles' 
find tlie area. 

Ans. 150768 square miles. 

6. If the three sides of a triangular field are 131, 246, 
327 yards, respectively, how many acres does it contain? 

Ans. 2-966 acres. 

7. An island is in the form of a triangle, whose aides are 
20'S, 16-7, and 27 miles, respectively; what ia the area in 
square miles ? 

Arts. 17101 square miles. 

8. How many yards of canvas 2 feet wide will it take to 
make a jib whose aides are 6, 10, and 12 yards? 

Ans. 44'89S yards. 

9. Find the coat of paving a triangular court, whose ■ 
sides are 50, 60, and 70 feet, respectively^ with granite at "" 
5». per square yard ? 

Ana. £40 i6s. 6d. 



Note. — To find the area of a trapezium, or of any poly* 
gonal figure, divide it into triangles, then the sura of the 
areas of all tliese triangles will be the area of the figi 



lOO SPHERICAL TRI30N0METUT. 

SOLUTION OF SPHERICAL TRIANGLES. 

RULE I. 

Three sides being ijivtn, to Jiiid an angle. 

Example. 

Given a = 65° 20' 45", b = 80° 30' 15", c = 120° lo' 30"; 

to find A, 




Logs. 
Put down the two sides') 120'' 10' 30"*. . Coaec. 10063238 
containing A ) 80 30 15 . . Cosec. io'oo5g92 

Ta\e their difference . , 39 40 15 
Put down the third side 65 20 45 

Take Biim 105 I o . . \ Hav. 4'8gg5 1; 

And difference 25 40 30 .. \ Hav. 4-346718 

Sum of Logs., rejecting 20 9-3 15463 

= Log. Ilav. A \ 
•■■ A = 54° S' 32". 

* When the Lo}r. Coaccant of an angle greater than 93° 
is required, diminisli the given angle by go°, and taite the 
Log. Secant of the remainder. 

Thus Log. Cosecant 120° lO' 30" = Log. Sec. 30" to' 30". 

This rule also apjilies to the other Ti'igonometriciti Ratio* J 
uf an angle greater than go°. Tlius, for Log. Cos. 120° tako J 
Log. Sin. 30*, for Log. Cot. 120° take Log. Tan. 30°, &c. 



SOLUTION OF SPHERICAL TRIANCLI 
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Examples for Practice. 

1. Given (1=120° 58', 6=105° 6', and c=roS°4i' 30"; 
find A, B, nnd C. 

Alts. A=i3o" 50'; 6^=121" 35'; C=I23° iS'. 

2. Given o = 49° lO', b=e,B°2^', c=s6°42'; fiad 
A, B, and C. 

Alls. A=S9''3'; 6=74° 54'; C = 7i° ]8' 30". 

3. Given a = iig" 42' 20", b = ioS° 4' 18", 
t = 68° 53' 42"; find A, B, and C. 

y^n*. A=ii5°39'; B=99°2i'3o"; C = 75°3i'4s''. 

4. Giveu n = 64°3i'is", £•=80" 38' 45", c=si04°28'3o",- 
find A, B, and C. 

Ans. A=6o°i7'r5"; 6=71° 56'; C=iii°6'is". 

5. Given a = 87°io'l5", i=62°36'4S", t:= 100° 10' 15"; 
find A, B, C. 

^rts. A=8i'' 24'i5"j B=Ci°3i'3o"; C=i02''59'. 

6. Three points, A, B, and 0, arc taken on t!ie surfaca 
of a globe; the arc of the great circle joining A and B i) 
124° 10', those adjoining B and C, and C and A, ara 
89° o' 15", and ioS° 40', respectively ( find tne angle sub- 
tended by the arc AB. 

Alts. 125° 56' is". 

7. The Colatitude of Liverpool is 36*35'; tliat of New 
York, 49" 18'; and the arc of the great circle joining the 
two places is 47' 52' ; find their differonce of longitude. 

A>i.i. 70° 59'. 

8. The Colatitude of a place is 39* 12'; the Sun's polar 
distance ia 66" 32' 15"; and his zenith distance 43° 40'; 
faid the polar angle. 

Aas. 44° 19', or, 2^ 57° 16'. 
g. The Latitude of a place is 50" 48' N., the Sun's alt. 
46' 20' (West of Meridian)^ and his declination 23" 27' 45" N., 
find the azimuth. 

Aii». N. 111° 51' W. 
10 In Latitude 39° II' N., the altitude of the Sun 
(West of the Mcriiiiim'), was 16° 59', and his decliuatiou 
15'' 25' S. {or, PD 105" 25'} ; find the apparent time. 
Ans. 3" 28" O*. 



no SPHERICAL TRIGONOMBTRr. 

RULE n. 

Two sides and the included angle being given^ to find the 

third side. 

Example. 

Given 4 = ii8^ 2' 14''; c = i2o' 18' 33''; A=27^ 22' 34"; 

to find a, 

A 

y % \. 
• 7 \> 

7 \ 

I ^.^-^^ 

Ang le A =r 2/^ 22' 34 "' Hav. 8748126 

Side 4 =118 2 14 .... Sin. 9*945784 
Side c = 120 18 33 .... Sin. 9936173 

Difference= 2 16 19 8630083 « Hav. tf 

.-. e = 23^ so' 30''. 

♦ Vers. 23^ so' 30'' 0085333 

Vers. 2® i& 19'' 0000785 

Sum 00861 18 =; Vers, a 

.-. a = 2f 57' 9''. 
This Rule may be thus expressed : — 

Vers, a = Vers, (b^c) + Vers. 
Where is obtained from the formula 
Hav. = Sin. b . Sin. c . Hav. A. 

* For an explanation of the manner of using the Table 
of Versines, see Arts. VII. and VIII.,page 72, 



Examples for Practice. 

1. Given a = 49° 10', b = 58° 25', aud C = 71" 18' 30"; 
findr. 

Jus. c = $6° 43'. 

2. Given b =■ 108" 4' 18", c = 68° 53' 45", and 
A =115° 38' 45"; fii"'"- 

Ana. fl= 119° 43' 17". 

3. Given a = 87" lO' is"j c = ioo° 10' 15", and 
B = 61° 31' IS"; find*. 

Ana. b = 62" 36' 30". 

4. Given A = 96° 32', b = 76° 42', c = 89° lo' 30" ; 
find a. 

Ans. a = 96° 10' 2''. 

5. Given A = 5o°, 4=70" 45' 10", and c = 62° ro' ig"; 
find a. 

Ana. a = .16" ig' 37". 

6. On a globe are taken three points, P, A, B ; one of 
wliicli, P, is at the pole; PA is 87° lo' 15", PB 62° 36' 45"; 
and the angle included between the great circles drawn 
from P to A and B, is 102° 58' 30"; required the distance 
between A and B. 

Ans. 100* 9' 33". 

7. The Colatitude of Liverpool is 36^ 35' ; of New York, 
49' 18'; and their difference of longitude, 71". Find the 
distance between the two placea on the arc of a great circle. 

Ans. 2872 miles. 

8. Required the distance from Portamouth to Bueuoa 
Ayrei. 

Lat. of Portsmouth. . .. 50" 48' N. . . Long, i" 6' W. 

Lat. of Buenos Ayrea. . 34° 37' S. . . Long. 58° 24' \V. 

Ans. 5949'S miles. 

g. Given Lat. of place, 50" 48' N., Sun's declination, 

16° N., and hour angle, 38°; find his zenith disiauce and 

altitude. 

Ans. Z. D. 46° 1 1' ; Alt. 43* 49'. 
10. Required the distance of the Moon from a. Leonis 
IRegubis); the right ascension and declination of the Ibrnier 
being 0° 32' 45", and 5° 19' S., and of the latter^ 148° 18' 45", 
ind 13* 10' 15" N. 

Ana. 147° 16'. 




OJ two sides, and the opposite angles, any three being 
given, to find a fourth. 

Example I. 
Given a = 6^° 20' 4.$" , b = &q° lo' i$", B = 6i*'3i'8"i 




I 



I. Wlten the part required is an angle. 

Write dowu a proportion haviag the sine of the required 
Bugle in the first term, tlie sine of the hnown angle in the 
second, and the sinea of the aides respectively oj^osile to 
them in the third and fourth terms : — 

Thus, 



Add together Log. Sin, B . . 9^94 3984 (Logs, of thp two) 
And Log. Sin. a .. 9-95S488i_ middle tcimaj 



From the sum I9'902472 

Subtract Log. Sin. b 9g940o8{IiOg.of /aa^term} 



The remainder 



9'908464 = Log. Sin. A 
= 54° 5' 31". 

(continued at fUge IH 



SOLUTION OP SPHERICAL TIIIAN6LE8. 



Examples for Practice. 
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1. Given a = 49^ 10', b = 58® 25 , and B = 74^ S4'i 
find A. 

Atis, A — qq" 2'. 

2. Given a = 87^ 10' 15'", b = 62^ 36' 4?'', and 
B = 61^ 31' 15''; find A. 

Ans, A = 81® 24'. 

3. Given c = 56® 42', b = 58® 25', and = 71® 18' so^'i 
find B. 

Am. B 1= 74® 54'. 

4. Given a = 119^ 42' 20"^ b = 108** 4' 18'', and 
B ==99^21' IS''; find A. 

Ans. A= 115® 38'4S''. 

5. Given A = 81^ 24', a = 8/'. 10' 15'', and 
c= 100'' 10' IS"; findC. 

^iw*. C = 102° S9'« 

6. Given a = 124° 10', b ss 89° o' is*', and 
A= 125"^ 56' 30''; find B. 

Ans. B = 78^ 3' IS". 

7. Given A = lis'' 38' 45^ 5 = 99"" 21' is*', 
b = 108° 4' 18''; find a. 

Ans. a = 119*^42' 15''. 

8. In question 7, preceding rule, find the Course from 
Liverpool to New York, at starting. 

Ans. N. 75^ 10' 30" W. 

(oontinued at page 1 1 5. 
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BPHEBICAL TEIGONOMETBT. 



RULE m— eontiBuetl. 



Of two aides, and the opposite angles, any three being given, 
to jind a fourth. 



Example n. 

Given fl = 6s*2o'4S", c=i2o°io'30" A=94'*s'3i"; 
to find C. 



Sin. c = 9'936762 

Sum = I9'935654 
Sin. a = 9-958488 



Angle = 71° 35' 



Sin-C at i^-i^yyi^ 

In this case the angle must he subtracted from i8o° to 
obtain C, for it is evident that C will be an obtuse angle, 
because c being greater than a, angle C will also be greater 
than angle A, and therefore greater thiin 90°, and since 
there are two angles each less than 180°, haying the same 
sine, we must take that angle which aatisfies the conditions 
of the question. 

II. When the part required is a side, put the sine of the 
required side in the first term, the sine of the known side in 
the second, and the sines of the angles respectively opposite 
to them, in the third and fourth terms of the proportion, 
and proceed as before. 




J 
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Examples for Practice. 

9. Find the bearing of Buenos Ayres from Portsmouth, 
from the data in question 8, preceding rule. 

Ans, S. 44° 32' 4S" W. 

10. The azimuth of a heavenly body was K. lii*5i'W., 
its altitude at the same time was 46° 20', and declination 
23* 27' 45" N. ; required the apparent time. 

Aji3. 2^ 57" 16'. 

11. The hour angle of a heavenly body was 44* ig', its 
altitude at the same time was 46" 20' (West of meridian), 
and declination 23° 27' 45" N. ; required its azimuth. 

Ana. N. Ill' si' W. 

12. What was the Sun's altitude at a"" $7" i&, when hi> 
declination was 23° 37' 45" N., and bearing N, 111*51' W.? 

Ans. 46° 20'. 

13. What WBB the Sun's declination at 3" S7° iS", when 
his altitude was 46° 20', and bearing N. ill" 51' W.? 

Ans. 23* 27' 45" N. 

14. At 2" 57" i&, P.M., the Sun bore N. 111° ci' W. 
his decliuation being 23" 27' 45" N. ; find the length of thn 
■hiidow cast by a pole.4 feet long, set up vertically in the 
ground. 

Am. 3-818 feet. 




Two sides and the included angle being given, to find the 
oilier two angles. 

I. Find the third side by Rule II : 
II. Then the other angles may be found by Rule III : 

Ov, They may be found independently by the formalee — 

C 



. i ( A - B} = Sin. i(a -ft) Cosec. ^(a+b) Cot. 



■ KA4 



= Cos. i{a-b) Sec. i(a+6) Cot. . 



(0 

(2) 



Which formulse determine i(A— B) and i(A + B). 
Whence, A = ifA-Ii) + ^(A + B) 
And, B = ^(A-B) ~ i(A4-B). 

06». It \{a + b) be greater than 90* See. i{fl + 6) will 
be negative, therefore the angle resulting from formula (2) 
must be subtracted from 180°, to obtaiu ^{A + B). 



Given two angles, and the side between them, to find the 
other two sides. 

Make use of the tv.'o formula — 

Tan. iia-i]=Sin. i(A-B) Cosec. i(A + B) .Tun. £. (i) 



■ ^(a-^ 



= CoB. i(A--B) Sec. i{A + B) Tan. 1. (2) 



Obs. If i(A + B) ewceed 90", Sec. i(A + B) will be 
negative, therefore the angle resulting from formula (3) must 
be subtracted from 180° in order to get ^(n + i). 
Whence, a = \[a~b) + ^(a-\-b) 
And, i= ii{a-b)-Ha-yb). 



^ 
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Examples for Practice. 


1 


I. Given 


a = 54° 10', 'j = 39° 0' I s", and C 


= loS" 40'; 1 


find A and B 




1 


Ans. 


A=S3°24'iS"; B = 38«33'45"- 1 


2. Given 


fi=S8°2s', c = s6°42', and A = 59° 2'; | 


find B lind C 




■ 


Ans. 


B = 74" 54' ; C = 71° iS' 30". 


1 


3. Given 


0=87° 10' IS", A=62°36', and C= 102^59'; | 


find A and B 






Ans. 


A = 8i°24'; B = 6i° 31' IS". 


■ 


4. Given 


i = 62° 36' 45", c = 100° 10' 


.5", and 


A = 81° 24', 


fiud C and B. 




Ans. 


C = 103° 59': B = 61° 31' is". 




$. In latitude 50° 48' N., when the Sun's 


dedination 


was 12° 29' N., attd hour angle 2'' 53" 1"; 


eijuired the 


azimuth. 






Am. 


N. 121° 47' E. 




6. Tn latitude 50° 48' N., when the Sun's 


declination 


was 23° 27' 


N., and hour angle i*" 3"" 23"; what was its | 


azimuth? 




i 


Ans. 


N. 149° 55' 15" E. 

Examples in Rule V. 


■ 


I. Given 


A = 59° 2', B = 74° 54', and c 


= S<i''42'; 1 


find sides a and b. 


1 


Ans. 


i= 58° 25'; a = 49° 10'. 


1 


2. Given 


A = ii5°38'4S", B = 99*'2i 


■ 5-, and 1 


c=68°S3'4 


2"; find sides a and i. 


1 


Am,. 


a = ii9°43'zo"; 6= 108° 4' 18". 1 


3. Given 


A = 81* 24', C= 103° 59', andi- 


= 63''36'4S''; I 


find sides a and c. 




Am. 


a = 8j° 10' 15"; 17= 100° 10' 15 


1 


4. At a place in latitude 33° 18' N., the 


Sun's hour 1 


angle was 59 


° 2', when its azimuth was N, 74° 


54' E.; find M 


it. N. P. D. 


(North poliir distance.) 


^^^H 


An,. 

L 


58° 25'. 


1 



6PHERICAL TRIGONOJIETBT. 



RIGHT-ANGLED TRIANGLES. 



Definitions of circular parts, middle part, adjacent, and 
opposite parts. 

In a right-angled triangle {the right angle being left out 
of the question) the two aides adjoining the right angle and 
the complements of the hypothenuse, and of the other two 
angles^ are called the five circular parts. 

When two parts of a right-angled Irianglc are given, to 
find a third, one of these three parts is called the middle pait 
and the other two are called either adjacent or opposite parts, 
according to their position with respect to the middle part. 

To find the Middle Part. 

The middle part ia that aide or angle which touches both 
the other parts, or doea not touch either of them. 

When the three parts concerned in the question are so 
situated with respect to each otiier, that they all touch, then 
the one between the two others is called the middle part, and 
the two others are called adjacent {or adjoining) parts. 

When the three parts concerned in the question are bo 
situated with respect to each other that one of them is 
entirely separated from the other two, it ia called the middle 
part, and tlie other two are called opposite purts. 

(Note i.) — In the solution of right-angled spherical 
triangles there must alwayv be two parta given, to 

hnd the part required. 



BOLUTrON OP RIGHT-ANGLED TRIANGLES. 



119 



(Note 2.) — The right angle is not taken into considera- 
tion, but 18 left out of the question; and the two 
sidea iacluditig it are supposed to touch one another. 

(Note 3.) — The middle part may be either one of the 
given parts, or may be a required part. 

The middle part may be easily found by attention to the 
following remarks : — 



In Fig. I. Suppose that the angles B 
and C are given, to find side a. 

Here it will be observed that the aide 
a touches angle B and angle C, and being 
situated between B and C, is called the 
middle part. Angles B and C arc in this 
case called adjacent parts. 

In Fig, 2. Suppose that the sides b 
and c are given, to find side a. 

It will here be noticed that side a is 
entirely separated from sidea b and c, by 
the spaces intervening at the angles of 
the triangle; a is therefore the middle 
part, and h and c are the opposite parts. 

In Fig. 3. Suppose that tlie side a 
and the angle C are given, to find side h. 

Here it will be seen that angle C 
touches side a and aide 6, and lyins be- 
tween them, is called the middle part; 
a and b in this case being adjacent parts. 
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In Fig. 4, Suppose that angles C and 
B are given, to find side c. 

In thia case angle (J is entirely sepa- 
\ rated from the two other parts, and ia 
; thcreforethe middle part; ^ Baud side c 
*Dj being the opposite parta, &c. 




'A^sa' 



The middle part may also 
be found in the following 
manner : — 

Divide a circle into five 
povtiousj in one of which 
write the complement of 
the liypolheneuse, 90°— c; 
and in the spaces on each 
side of this write the com- 
plements of B and C: in the spaces opposite 90°— B and 
and 90°— C respectively, write I and c. Then mark those 
parts that are given. Tims, if B and C are given to find a, 
it will be seen, on looking at the circle, that go°~a is tlie 
middle part, as it comes between 90°— B and 90° — C, wliich 
are called adjacent parts. If B and c are given to find 
angle c, 90° — C will be the mid<lie, because it is entirely 
separated from 90° - B and c, which are called opposite parts; 
and so on in other cases. 



80LDTI0N OF UIGnT-ANCLED TKIAXCLEB. 



Napier's Rules for the eolutioa of right-angled triangles 
»re these:— 



I. Sino of middle part 

II. Sine of middle part 

Wliich may easily be ren 
Sin. Mid. = 
Sin. Mid. = 



= product of tangents of 

adjacent parts. 
= product of cosines of 

opposite parts, 
embercd thus : — 
Tan. Ad. 
Cos. 0pp. 

B third 



By these rules, when any two parts are gi' 
may be found. 

But in applying them we must bo careful to t:ike the 
toniplementa of the hypothcnuse and of the two angles 
adjuctnl to it. 

Then, having written down the equation that erabraeea 
the two given parts and the part required, put a dash uuder 
the latter, and determine whether it is positive or negative 
by applying the proper sigus (+ or — } to each term by the 
following rule: — 

When an angle is greater than go°, all itt trigonometrical 
ratios employed in this rule, except the sine and cosecant, are 
ncgHtive. 

If the sign of the required part is positive the angle 
given by the formula is the one sought, but if negative this 
angle must be subtracted from iSo". 

Example. ' 

Given B = 120", C = 60", to determine whether a is 
positive or negative in the following equation : — 



Cos. . 



Cot. B . Cot. C. 
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Here, since tte signs on the right-hand aide of the equa- 
tion produce minusj Cos. a will be negative, in which case the 
resulting angle must be subtracted from i8o°to obtain «, 
because Cos, {l8o° — a) = —Cos. a (Chap. I). 



Example. 

In the right-angled triangle ABC, A being the right 
angle, let B = 79° 19', and C = 134" 33' 45", be given to 
determine the other parts, a, b, c. 



(0 Tofinda,Fig. i. 




It is evident that, if three parts, 
a, B, C, be connected together, 
a will he the middle part, and 
B and C the adjacent parts. 



By Rule I., Sin. Co. a = Tan. Co. 



Cos. a 



Cot. B . Cot. C 



(0 



Cos. a will be negative ; therefore the resulting angle must 
be subtracted from 180° to ohtain a, because —Cos. a = 
Cos. (180"— a). (See page 106.) 



* The Sine complement is equal to the Cosine, the Tan. 
complement to the Cotan., &c. (See Chap. I., Art. 13.) 
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(2) To find b, Fig. 2. 



If B be taken as middle part, 
C and b, being separated from 
it, will be opposite parts. 



By Rule II., Sin. Co. B = Cos. Co. C , Cob. b 
+ + + 

or, Cos. B — Sin. C . Cob. A 
Cos. B 

Sin. C " 




Cos. i = 



= Cos. B . Cosec. C. 



(3) To find c^ Fig. 3. 
Here it will be seen that two of 
the parts concerned, B and e, 
are separated from C, the third 
part, whicb accordingly is taken 
as a middle part, therefore, by 
Role II., 




Sin. Co. C = Cos. Co. B . Cos. e 

— + — 

Cob. C 

Cos. c = 



= Sin. B . Cos. c 

Cos. C 

Sin. B 

And Cos. c vill be negative; bo that the resulting angle 
must be subtracted from 180* to obtain c. 



= Cos. C . Cosec. B. (3) 



ta. 
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The working of Example on page 104, in which arc given 
A = 90° B = 79° 19', C = 134° 32' 45"j to fiud the 
other parts. 



(0 

(2) 
(3) 




By formnlEe, pages ICH and la 
-Cos. a = Cot. B . Cot. C. 
Cos.B 



„ Co.. C 

(■) 
Log. Cot. B 9-)7i6jB 
Cot. C 9'99Jii5 



Cos. C . Cosec B. 
Calculation, 

(2) 

Coi. B ,. 9-168065 



(3) 

Cos. C . . 9*846015 
Cosee. B , , io'0O7Sii4 



k 



We reject 10 in the index under (i), (2} and (3), because aa 

Cos. a = Cot. B . Cot. C, 
,-. In Logs., 
Log. Cos. a— 10 = Log. Cot, B— lo + Lofr. Cot. C — 10. 
i.e. Log. Cos. a = Log. Cot. B + Log. Cot. G — 10. 

And so in the other Cnses. 
Note. — If a and B were given to find b, we should have 
Sin. b = Sin. a . Sin. B. The solution would in this case 
be ambiguous, since there are two angles less tiian 180" 
corresponding to a given Sine. But tbe ambiguity may be 
removed by this consideration,— that if E be ffrealer than 
90°, b will also he greater t\iaa 90°; and if Bbe less than go°, 
b will be les3 in like manner, that is, an angle and the tidt 
opposite to it are of like ajfeciion. 
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Examples for Practice. 

1. Given A=90° B = 34''27' 30", and 0=46" 18' 23''; 
fiud a, b, and C. 

Am. 0=51*46' is"; fi=26°33' 15"; C= 66° 59' 30". 

2. Given A = 00° B=ioo°, 0=87° 10'; find a,b, c. 
Ans. 0=90° 30'; 5=100° o' 45"; €=87° f 15". 

3. Given 6=90° A=9i° 25' 58", C=S3° 15'; find 
the sides. 

Ans. a—gi°^7' is"; ^— 9i°4'iS"; 0=53° 14' 20". 

= 91" 47" IS", c = 53° 14' 20"; 

=91° 4' IS" 
90", and c=ii8°2i'4"j 



4. Given 2 = 90*^ 
find the other parts. 

Ahs. A = 9i°25'4S"; 0=53° 15' 



5. Given A=23°4o'i3", 
find the other parts. 

Arts. a=2i° 5' 45"; 5=116** 18'; C=ioo° S9'3o". 



' 10', A=9o''; find the 



k 



6. Giveu 0=100° 42', E = 7i 
angle C. 

Ans. 0=131" 32' 45". 

7. Given the Sun's altitude, when due West, 30'', and 
its declination 20° N. ; required the latitude. 

Ans. 43° 9' 15" N. 

8. Given the Sun's declination, 23** 27' 45" N., and 
latitude 50° 4S' N.; find his altitude, and the time when lie 
ia on the prime vertical, 

Arts. Alt. 30° 55'; Time 4** 37" 4*. 

9. Given the Sun's altitude at Six o'clock, lS**45', and 

declination 20° 4' N. ; find the latitude. 
Ans. Of 31' 40' N. 



BPnEIilCAI. TRIGONOMETHT. 



QUADBAKTAL TBIANGLES. 



A triangle is said to be quadrantal wlicn one of its sides 
is 90°, or A quadrant. 

All the foregoing rules for right-angled triangles may be 
applied to quadrantal triangleSj with the following excep- 
tions:— 



I. The quadrant being left out of tlte question, the 
five circular parts are the two angles adjacent to 
the quadrant, and the complements of the remain- 
ing three parts. 

II. When two sides or two angles come together on the 
same aide of the equation, the sign — must be 
prefixed, and the three signs thus placed on one 
side of the equation must be made to produce 
the same result, positive or negative, as the sign 
of the other side. 

Example. 

Riven a = 90", A = 100°, c = 50° 10'; to find the 
other parts of the triangle. 




(miitiDued at p>c< 124. 
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Examples for Practice. 

1. Given a = 90^, b = ^(P 41', c = 49° 23' 15"; find 
A, B, and C. 

Ans. A=: 101^42' 45"; B=72°20' 15''; 0=48° i'. 

2. Given a = 90°, B = 74° 36' 30'', c = 50° 10'; find 
the other parts. 

Am, A =100°; i = 78° 14' 30"; C = 49°8'i5". 

3. Given a = 90®, B = 80° 10', c = 50° 27'; find 
the other parts. 

Ans, A = 96^ 17' 45"'; C = 50°2'; i = 82° 26'. 

4. Given a = 90^ A = 101° 42' 15'", B = 72° 20' 30"; 
find by c, and C. 

Ans. b = 76^41'; c = 49'' 23' 45"; C = 48° i' 50". 

5. Given a = 90^ B = 45^ C = 65^ 19' 15''; find 
the other parts. 

Ans. A = 107^ 10' 45'' j 4 = 47^ 44' 3o" ; c = 72®. 

6. Given the latitude of a place 64'' 29' 15" N., and 
Sun's declination 15° 12' N. ; find the setting amplitude. 

Ans. W. if 30' N. 

7. Where will the Sun rise (i.e., what is his amplitude) 
in lat. 50® 48' N., when the day is 14 hours long? 

Am. E. 19*^4' is" N.. 

(eontinued at page 129* 
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Quadrantal Triangles— continued. 



To find B. 



-Tan. B . Cot. A 



_ Cos. c 

'c^Ta 



Cos. c . Tan. A 



To find b 




-Cot. c . Cot. b 



= Cos, A . Tan. c. 



To find C. 



Sin. C = Sin. c . Sin. A. 



(2) 

Cot.i = CoB. A.Tan.e. 



Cots 9"Ji84i3 



(3) 



(3) 

.C=Sm.c.Sin.A. 



.. C 9-8t866» 
C = 49° a'o' 



^ 



It ia to be borne in mind that if Tan. Bj or Cot. b hail 
been negative, the angles under (i) and (2) must have been 
Bubtracted from iSo^to obtain B and b (see Example, p. 124), 
and that tlie ambiguity which arises in determining angle G 
from the sine may be removed, aa in the case of a right- 
angled triangle, by the rule given in cote, page 124. 
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Examples for Practice. 

8. Given the latitude of the place 50^48' N., and Sun*8 
declination 18^ 28' N. ; find his rising amplitude, time of 
setting, and length of the day and night. 

Ans. Amplitude ... E. 30® 4' 30" N. 
Time of setting. . 7** 36™ 4I^ 
Length of day . . 15^ 13™ 22". 



9. At what time will the Sun rise in latitude 50® 48' N., 
when his azimuth is N. 80® E. ? 

Ans. s^ 28™ 52", A.M, 



10. Find the mean time of sunrise and sunset in latitude 
50® 48' N. when the Sun's declination is 18** 28' N., the 
equation of time being id™ add. to apparent time. 

Ans. Time of rising .... 4^ 33™ 19% a.m. 
„ setting .... 7** 46"* 41*, P.M. 



II. In what latitude will the Sun rise at 5^ 28™ 52", a.m., 
10® north of east? 

Ans. 50° 48' N. 



12. The Sun rose E. 37® 30' N., at a place in lat. 
64® 29' 15'' N. ; what was his declination? 

Ans. IS® 12' N. 



13. What is the length of the day when the Sua sets 
W. 19° 5' N., at a place in lat. 50® 48' N.? 

Ans. 14 hours. 

K 2 



PLANE TKiaONOMBTRT. 



THE SUPPLEMENTAL TRIANGLE 



Three angles of a spherical Iriaiiffte being given, to find 
the sides. 

For example, suppose the angles A, B, C are given to 
find the Bides a, b, c; let A' B' C be the Bupplemental 
triangle (see figure 9, page 44). Then E' C = 180'' — A, 
A' C = i8o°-B, A'B' = i8o°— C ; we thus find the three 
sides of the supplemental triangle, and can therefore calcu- 
late the angles A', B', C by Rule I. Then, 

BC=iSo*-A'j AC = i8o°-B'; AB=i8o°-C'. 







Example. 


Given 


A=59°2 


, B = 74»54 


, C = 7i°l8'; to find BC. 




lSo° 0' 


180° 


180° 0' 




59 2 


74 


S4 71 IS 


BC 


120 58 


A'C = los 


6 A'B = IO« 42 






To find A' by Rule I. 




■05° 


S Coscc. 


.,.. -015260 




loS 


42 Coseo. 


.... -023554 




3 


36 






120 


58 
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34 JH... 


.... 4-947070 




"7 


22 J H«l. 


.... 4-93 IIJH 




9-917498 


^ 




A' = 130° 


so' 30" 


m 




I So 




■ 




BC = 49 


9 30 





•••^ I - ^-.' ' 


IH 
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Examples for Practice. 




t. Given A=r30^5o', 6=121" 35', C=I23''lg'; 
tbe sides. 


find 


Alts. 


a=i2o''58', 6=io5''6', c=io8''4i 


30"- 


2. Given 


A = 115° 3S' 45", B = 99° 21" 
0"; find the sides. 


■S", 


Ans. 


a = 119° 42' 20", b = ioS° 4' 
c = 68° S3' 43". 


18", 


3. Given 
C = 1 1 1° 6' 


A = 60° 17' 45", B = 71° 55' 
5"; find the sides. 


4S". 


A... 


a = 64° 21' 15", ft = 80=* 38' 
c = 104" 28' 30''. 


4S", 


4, Given A =59° 2', B = 74°54', C = yi° i8' 30" 
the sides. 


find 


Ans. 


a = 49° 10', b = 58° 25', -; = 56° 42'. 




S- Given A=8i° 24' 15", B = 6i°3i'3o", C=:i02 
find the sides. 


°S9'i 


A.,. 


B=87°io']5", i=62°36'45", c=ioo''ic 


■ 15"- 


6. Given 
find the side 


A=ioi''43'45". B = 73°20'i5", C=48°i 


■■5'i 


Ans. 


a = 90", S - 76° 41', c = 49° 23- 15". 




7. Given A = 100°, B = 74° 36' 30", C = 49° S 
find the ocher parts. 


'^ d 


Aiui. 


a = 90°, 6 = 78° 14' 30". c = 50- 10 , 


■ 


8. Given 
. Ite sides. 


A=96'* I7'4S", B^8o° 10', 0:^150" 2' 


find 1 


^H 


a = 90", i = 82° 26', c = 50° 27'. 


J 



Plane trigonometrt. 



MISCELLANEOUS PROBLEMS IN 
PLANE TRIGONOMETEY. 



For an eiplanalion of the method of solving Problems in 
Plane Trigonometry, see Apfendix. 



1. At 120 feet distance from the base of a lighthouse, 
the angle of elevation of the top was found to be 60" 30' j 
required the height of the lishthouse. 

Ans. 2I2-0Q feet. 

2. Aa. observer on the same horizontal plane with the 
foot of a flagstaff 37 ft. g in. high finds the elevation of its 
top to he II* 39' 45" J required his distance from the foot of 
the flagstaff, 

Ana. 1828 feet. 



3. A river, A C, the breadth of which is 200 feet, runs 
at the foot of a tower, C 13, which subtends an angle, BAC, 
of 25° 10' at the edge of the bank; required the height of 
the tower. 

Ans. 93'97 feet. 

4. Find the height of a flagstafl' which casts a shadow of 
24^ feet when the Sun's altitude is 57" 3'- 

Arts. 37*8 feet. 

5. Find the height of an u-iriglit object which castB a 
shadow of 75 ft. 8 in. when the Sun's altitude is 46" 58' 45", 



6. Find the distance of a aliip at sea when the angle o 
depression of her hull taken from a height of 395 feet is 
a** 16' 15". 

Ans. 9961 feet. 

7. Find the distance of a sliip at sea when the angle of 
depression taken from a height of 700 feet is 4° o' 15". 

Ans. lOOOO feet. 

8. Find the horizontal distance of an object nhen its 
angle of depression taken from a height of 2oS feet is 
5° 2' 45". 

Atis. 33SS feet. 

9. From the top of a clifF, 326 feet above tlie sea, the 
angle of depression of a ship's hull was found to be 24"; 
required the distance of the ship. 

Ans. 732'2 feet. 

10. Being ordered away to lay out a target at the dis- 
tance of 1400 yards from my ship, whose masthead is 180 
feet above the water-line, at what angle must I set the index 
of my scstact? 

Ans. 2*27' 15". 

11. Being ordered away to lay out a target at the dis- 
tance of 1500 yards from my ship, whose masthead is 187^ 
feet above the water-line, at what angle must I set the index 
of my sextant? 

An9. 2*23' 15". 

12. 13eing ordered away to lay out a target at the dis- 
tance of 1200 yards from my ship, whose masthead is 157 
feet above the water-line, at what angle must I set the index 
of my sextant ? 

Ans. 2* 29' 45*. 
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13. The elevation of a steeple is 13° 48', and 165 jards 
nearer it is 25" 44' 30"; find the height of the steeple. 

Aris. 247-83 feet. 

14. A person standing on one bank of a river observes 
the angle of elevation of a tree on the opposite bank to be 
55°; receding 30 feet he finds it to be 48°; determine the 
breadth of the river. 

Ans. I04"9 f^^*- 



15. Sailing away from a mountain peak at the rate of 
9 knots an hour, I observed its angle of elevation to be 
6° 59' 30", 10 minutes afterwards I observed it again to be 
2° i'; required the height of the mountain. 

Ans. ■07413 mile. 

16. Sailing towards a headland, I observe the elevation 
of its summit to be 4° lO', and 2 knots nearer, 10°; required 
its height. 

Ans. 503"3 yards. 

17. Two observers on the same side of a balloon, and in 
the same vertical plane with it, a raile apurt, flod the angles 
of elevation of the balloon to be 1 5° and 65° 30', at the same 
instant; find the height of the balloon. 

Ans. 537-187 yards. 



18. From the top of a cliff I observe two ships in a 
straight line before mci a mile apart, and find their angles 
of depression to be 5° and 15* respectively ; find the height 
of the cliff 



Ant. 228-631 yards. 



d 
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ig. A person on the top of a tower, the height of which 
is 50 feet, observes the angles of depression of two objects to 
he 30° and 45°, respectively ; find their distance from each 
other. 

Ans. 36'6 feet. 

20. From the top of a hill 520 feet high, I observe two 
objects in a straight horizontal line directly before me, and 
observe their angles of depression to be 26° 1' 30" and 
19° 14' 4S"; required the distance between the objects. 

Ans. 424*4 feet. 

21. From the top of a hill 500 feet high, I observe two 
objects in a straight horizontal line directly before me, and 
observe their angles of depression to be 27° o' 45" and 
21° 48'; find the distance between the cfbjccts. 

Ans. 259'3 feet. 

22. Coming within sight of two headlands bearing Nortli 
and South of each other, the southern one bore from the 
ship due East, and the other N.E. by E.; after sailing 
due East five miles, the northern one bore N.E, -J N,; 
required the distance of the headlands from each other, and 
their distance from the ship at each time of observing 
them. 

Alts. I3'3i miles; 9'56 miles; 607 milts; and 7' 39 
miles. 

23. Having dropped anchor in a deep river, with a buoy 
and rope of 50 fathoms attached to it, I fell down the stream 
till I had veered 140 fathoms of cable, and then the buoy 

120 fathoms ahead of me; required the depth of 
vater. 

Ans. 4S72 fathoms 
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24. Tlie angle of elevation of a tower at tlie distance of 
Z7S y-''^'^^^-^'^'^' fr°™ ^*^ ^'^^^ ^^ 7° 8' J what angle does 
the tower subtend at a spot 380 yards S.S.E. of the former 
position ? 

jlns. 4° 11' 45". 

25. At a distance of 200 yards from the bottom of r 
church tower, the angle of elevation of the top of the tower 
was 30°, and of the top of the spire 32°; find the height of 
tower and spire. 

Ans. 1 1547 yards, and 9- 5 03 yards. 

26. From the summit of a lighthouse 85 feet high, stand- 
ing on a roct, the angle of depression of a ship was 3° 38', 
and at the bottom of the lighthouse it was 2° 43'; find 
the horizontal distance of the ship, and the height of the 
rock, 

Ans. 5295'4 feet, and 25r3fcet. 

27. A flagstaff A, on the top of a hill, is visible &om 
two stations, B and C, 1 82 yards apart; the altitude of A, 
taken from B, was 5° 35', and the angles ABC, ACB, are 
77° 52', and 88° iS', respectively; find the height of the 
hill. 

Ans. 74 yards. 



28. In order to ascertain the height of a mountain, a 
base of 2761 feet was measured, and at either extremity of 
this base were taken the angles formed by the summit and 
the other extremity; these were sS^sg'and 111° 52'; also 
at the extremity from which the latter was taken, the 
angular height of the mountain was n° 18'; required, the 
mountain's height. 

Atis. 27s I '3 feet. 
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2g. Two ships, half a mile apart, find that the angles 
Bubtended by the other ship and a fort are reapectively 
56° 19' and 63" 41'; find the distance of each ship from the 
fort. 

Ans. 910'82 yards; and 845'S4 yards. 

30. In order to determine the breadth of a river, I 
measured a base of 500 feet, elose to one aide of it, and at 
each extremity of the base found the angle subtended by the 
other extremity and a tree on the opposite bank to be S3°t 
and 79° 12', respectively; find the breadth of the river. 

Ans. 529-5 feet. 

31. Wishing to ascertain the height of a tower standing 
on a declivity, I ascend to within So feet of its base, and it 
then subtends an angle of 30"; if the incUnatioD of the 
declivity be 15°, what is the height of the tower? 

Arts. 56-57 feet. 

33. An object on shore bears from a ship N.W. by N.; 
after sailing N.E. 5-7 miles, it bears W, by N.; find the 
distance of the ship at both observations. 
■ Ans. 7-906 miles; and 6-702 miles. 



33. A point of land bears from a ship N.E. by E., distant 
IS miles; she sails E. by S., tdt it bears N.N.W.; find the 
distance of the ship from the land, at the second observa- 
' tton. 



Arts. 



i-y6 miles. 



^^^ tlista 



34. Two ships are observed to bear N.N.E, i E., and 
N.W. by N., distant respectively 3, and 4-8 miles; &ad the 
distance between them. 



4-297 milei. 
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35. From a sliip two headlands were observed to bear 
S.W. aud S.E, by E. ; after sailing due East 10 miles, they 
were observed to bear W.S.W. and S.W. by W., respectively ; 
required the distance between the headlands. 

Ans. I2'63 miles. 

36. From a boat I observed that two objects on shore, 
E. and W. of each other and 500 yards apart, bore E. by N. 
and N. by W. ; required the distance of the boat from each 
object. 

Am. 97-54 yards; 490-4 yards. 

37. Two observers from stations 800 yards apart, and 
lying due North aad South, take, at the same instant, the 
bearings of a balloon ; the observer at the northern station 
finds the bearing to be E.S.E., the other observer finds it to 
be E.N.E, ; the altitude of the balloon at the former station 
was 60°: what is its height? 






iSioy 



38. If a balloon, seen from a certain station, has an 
altitude of 60°, and bearing N.W., what will be its bearing 
at a station South of the former, when the altitude of the 
balloon is 45° ? 

Ans. N.N.W^W. 

39. A mountain seen from a certain station has an 
altitude 45°, and bearing East; what will he its altitude at a 
station S.W. of the former, when the bearing is E.N.E. ? 

Ans. 28" 25' 15". 

40. Two objects, P and Q, were observed from a ship to 
be at the same instant in a line bearing N. 15° E.: after 
sailing N.W. 5 miles, P bore E. ii°N , and Q bore N. 41" E. 
find the distance between P and Q. 




6'j'66 miles. 



J 
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41. A ship at iLDchor observes two small islands on the 
same line of bearing, N.N.E. To determine their distance 
apart, alie gets under weigh, and sails due east 5 milcsj when 
one bore N.W,, and the other "W.N.W.; what was their 
distance from each other? 

I Ans. vgi miles. 

f 42. Two headlands are observed by a ship sailing S.S.W,; 
one bears from the ship S.W., and the other S.S.E.; after 
the ship has sailed six miles, the bearing of the first is 
\V. by S., and of the second E.S.E. ; find the bearing and 
distance from each other. 

Ans. N. 81° 10' W, 971 miles. 

H 43- Two islands, A and B, bear in one line W. 56° S., 
and after sailing W.N.W. 10-5 nautical miles, they bear S. 
and S. 21° 30' W, respeetivclyj required the distance 
between them. 

^ Ana. 31-16 miles. 



44, Two ports bear from one another N.E. by E., and 
S.W. by W., distant 12 miles. A ship has sailed S.S.E. 
from the more southerly port 15*5 miles; required her bear- 
ing and distance from the mo'e northerly port. 

Ans. S. 10° S4' 45" W, 2r38 miles. 



45. Two headlands were observed to bear N, 8** W., 
and N. 21" E.; after sailing E.N.E. 5 nautical miles, the 
bearings became W. 36° N. and North respectively ; find the 
distance Ijetween the headlands, and their bearing one from 
. the other. 



L 



Afis. 8-226 miles. S. 41° 2G' 30" W, 



J 
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46. The bearings of two lighthouses from a ship were 
W, 49° S., and E. 54° S., after she bad sailed North 13 milci 
the bearings were S. 22° W. and S. 17" E, ; find their 
bearing and distance from each other. 

Am. S. 83°42'"W". 1678 miles. 



47. Prom a ship two rocks were observed to bear in one 
line W. 22°S.: after she had sailed S. S° E. i3'8 miles, 
they bore N. 39° W. andW. 39° N.; find the distance between 
them. 



. Atu. 3-281 miles. 



48. Two headlands bore from a ship N. 54" E., and 
S. 81° E.; after sailing S.E. 12 miles, thpy bore N. S° W., 
and E. 40° N.; required their bearing and distance from 
each other. 

Ana. N. 47' 7' W., or S. 47° 7' E., 1 1 -41 milea. 



49. Sailing between two islands I observed the North 
point of one to bear S. 40" AV., and the Sontli point of the 
other W. 30° N. ; after running W. -i S. 16 miles, the 
bearings became S. 31' E., and E. 49° N. ; what was their 
bearing and distance from each other? 



Ans. N. 0° 27' 15" E., or S 



JO. Being within sight of my port, bearing N.N.E. 
18 miles, a fresh gale sprang up at N.E., then running 
48 miles on the port tack within 6 points, I went t 
required the course and distance to my port. 




27' 15" W., 17-32 miles. 



N. 46" 56' 30" W., 51-27 miles. 



went aboutj 



V 
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wind is N.E. ^ N,, and a ship is bouud to a port 
80 miles directly to windward, wliicli she proposes to reach 
in two tacks within 6 points of tiie wind; required the 
coiiTse and distance on each tack so as to double a rocky 
shelf lying in the S.E. quarter. 

Aiu. Starboard tack, N.N.W. ^ W., I04'S miles. 
_ Port „ E.S.E. i E., I04S „ 

52. A privateer lying-to, with the wind at N.N E., sees 
a aloop on the starboard tack, that had just doubled a point 
18 miles to the W. by N. The sloop ran for her port close 
hauled (within 6 points). The privateer gave chase at the 
rate of 8 knots an hour, and in four hours came up with her; 
required the sloop's rate of sailing and the course of each 
vessel. 

Ana. SloopsaUsN.AT.3-S6mile3perhoiir. Privateer, 
N. 63" 13' W. 

W 53- A headland bears S. 59" E., and a current runs 
S. by W. 4^ miles an hour; how must I steer to fetch the 
headland, steaming at the rate of 9^ knots an hour? 
Atis. S. 85° 28' E. 

54. A lightship bears W. by N. J N. A current runs 
S.W. { W. three miles an hour. How must I steer to fetch 
the light, steaming at the rate of 10^ knots an hour? 
Ans. N. 58° 56' W. 

SS- A ship in crossing the mouth of a river, out of which 
the tide sets due cast, sails from a buoy on the soutli side 
N.E. 10 miles, and then falls in with another buoy on the 
North side, distant from the first IJ miles; required the 
Khip's course and drift of the current. 

Ans. Course, N. 61** S3 E. Drift, 616 miles. 
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56. Sailing E. by S. ji knots an hour, two islauJs wer* 
observed, one bearing S.E. by S., and the other E. by N, 
The tide was then running S.W. by W. 2^ miles an hour: 
two hours afterwards the first island bore W. by S., and the 
other N.W. by N. ; required the ship's course and distance, 
together with the bearing and distance of these islands from 
one another. 

Ans. Ship's courses. 6i*37'E. Distance iz miles. 
The N. isle bore from S., N. 9° 30' E., 8-ii6 
miles. 

57. If the height of the Peak of Teneriffe be 4 miles, 
and the angle taken at the top of it, as formed between a 
plumb line and a line conceived to touch the horizon, or 
farthest visible point, be 87° 25' 55"; it is required to deter- 
mine the diameter of the Earth, and the utmost distance 
that cun be seen on its surface from the top of the mountain, 
supposing the form of the Earth to be perfectly spherical, 

An/i. Diam. 7957'Si8 miles. Dist. i;8-458 miles. 

58. From the top of a mountain ij miles high, the dip 
of the horizon was found to be i* 34' 30"; what is the 
diameter of the Earth ? 



59. A fleet steering S.W, by S. 4 miles an hour, on dis- 
covering a sail, detached a frigate which gives chase S.E. 
5 hours, at the rate of 7 knots an hour, and comes up with 
and tsikes the chase. After an hour's time spent in adjust- 
ing matters on board the prize, she steers for the fleet, whieh 
still kept on the same course and at the same rate ; required 
the course the frigate must shape, and the distance she must 
niQ at 7 miles an hour, to rejoin the fleet, 

A«s. She must steer S. 66** 26' W., and run 6y$8 miles. 



EXPLANATION OF ASTRONOMICAL TERMS. 




No difficulty will be found in working the astronomical 
problems given in this book, if attention be paid to the 
exiilanatioii of the accompanying figure : — 

O in the centre of 
the figure is the place 
of the spectator ; 
HH', hia horizon ; 
HZH'N, the celestial 
meridian : EQ th« 
equator: P, P, the 
k poles : PP, the six 
o'clock hour circle : 
Z, the zenith : N, the 
nadir : ZN, the prime 
vertical : a a, a paral- 
lel of altitude : rf rf, a 
paraUel of North declination ■ ttd", a parallel of South decli- 
nation. These also represent the diurnal paths of all bodies 
which may be situated upon them ; thus, if £ rf were the 
declination of a body, dd is its daily path; r, its place on 
the twilight circle, t t ; x, its place at rising; o x its rising 
amplitude ; u, ita place on the six o'clock hour circle; s, its 
place on the prime vertical, when it bears due East or ^Vest; 
d, ita place ou the meridian at noon; d (below the horizon) 
its place at midnight, xzd half the length of the day; xrd, 
half the length of the night ; P S D, a circle of declination ; 
Z S A, a circle of altitude ; S D, the declination of S ; S A, its 
altitude ; P S, polar distance ; Z S, zenith distance ; Z P S, 
hour angle; PZS, (or H' A) azimuth; Z P. coLititude; 
Z E or P H, latitude ; T D, right ascension. (It is to be 
borne in mind that Z N, E Q, P P, H O, are circles and not 
straight lines, but owing to the manner in which the figure is 
projected we only sec their planes.) H', is the north point 
of the horizon ; H, the south ; 0, the east ; and the point 
opposite to it, the west. When south latitude is represented 
the figure should be drawn with PP incliucd to the left, 
or P over the »outh point of the horizon. 
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MIBCELLANEOTIS PROCLWMS. 



MISCELLANEOUS PROBLEMS IN 
NAUTICAL ASTEONOMY, &c. 



For an explanation of the method of solving I 
see Appendix. 



1. Prove that the altitude of the pole is equal to latitude 
«f the place. 

2. "What 18 the latitude of a place at which the Sun'a 
meridian altitude is observed to be 30" when its declination 
b 23° S. ? 

Ans. 37* N. 

^. What is the altitude of the Sun on the longest day 
wheu on the meridian of Portsmouth ? 
Alls. 62° 42'. 

4. The declination of a star is 30° N., and it is found to 
graze the North point of the horizon without setting ; what 
ia the latitude of the place ? 

Ans. 60° N. 

5. A ship rounding Cape Horn has the Sun S** above the 
horizon at noon on the 21st of June; wliat ia her latitude? 

Ans. 61° 30' 8. 

6. A ship observes the Sun at noon just to graze the 
South point of the horizon without rising wheu its deciiua- 
tioQ is 20° S. ; what is her latitude ? 

Alts. 70" N. 



J 
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7. The star a. Ursse Majoris has nn altitude of 10° irhen 
on the meridian belovF the pole, and 12 hours after it has aa 
altitude of 80° ; what ia the latitude? 

Ans. 45° N. 

8. A Btar has an altitude of 5° when on the meridian 
laelow the pole, and 12 hours after its altitude is 75*; what 
is the latitude? 

Ans. 40° N. 

9. In latitude 40° 25' 10" N., when the Sun'a declina- 
tion was iS°2'S3" N., his true altitude was 35° 26' 34" 
(West of Meridian) ; find the apparent time, 

Am. t S3" 43'- 

10. In latitude 15* 23' N., the San's declination was 
, 8° 20' 45" S., and his altitude 1 5° 25' 36" (West of Meridian) ; 
1 find the apparent time. 

Am, 4" 45" 33'. 

11. Given latitude 48* 20' N., Sun's true altitude 15" 51' 
(West of Meridian), and declUialion 6° 37' 15" S. ; find his 

Bzimuth. 



12. Given latitude 30" if S., Sun's true altitude 
18° 44' 45" (East of Meridian), and declination io''i7'4g"S.i 
find the azimuth. 



13. Calculate the zenith distance of « Leonis (ReguloE) 
I having given latitude of place 45° 28' N., star's declination 
[ 12° 46' IS" N., and hour angle I*" 8" II'. 
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14. Calculate the altitude of the Mooii's centre, having 
given latitude of place, 45" 28' N., decimation 25° S' 37" N., 
and hour angle i*' 49™ 36*. 

Ans. 60" 3'. 

15. If the Siin'a declination be 10° N., at what time will 
he appear due East, to an observer in latitude 50" N. ? 

Ana. 6" 34™ 2' a.m. 

16. What is the Sun'a declination if hia altitude at six 
o'clock, at a place in latitude 50' 48' N., is 16° 20' ? 

Alia. 21° 16' 30" N. 

17. A star whose declination ia 5 1* 30' N., was observed 
when due East, to have an altitude of 64° 31'; find the 
latitude of the place of observation. 

Atu. 60° 6' is'' N. 

18. The Sun'a declination is 14" N. ; find his azimuth 
when rising, at a place in latitude 54" N. 

Ana. N. 65° 41' 45" E. 

19. What ia the Sun's altitude, when his azimuth is 
1 10° 4' at the time of the equinox, in latitude 54° N. ? 

Ans. I3''S9'4S"- 

20. A star situated on the celestial equator is observed 
to have an altitude of 60°, and two hours afterwards to have 
the same altitude ; find the latitude of the place. 

Ans. 26° if 30" N. 



21. What is a star's declination when it rises N.E. at 
B place in latitude 50° N. ? 
An*, zf 2' N. 



A 
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22. The Sun sets S.W., and his declination is 20" S. ; 
find the latitude. 

Am. 61*" 4' 30" N. 

23. Where will the Sun set, in latitude 61° 4' 30" N., 
when his declination is 20' S. ? 

Ans. S.W. 

24. A star whose declination ia 27° 2' N,, is observed to 
le N.E. at a certain place ; what is the latitude of that 

I place? 

Ans. 50° N. 

25. What ia the Sun's altitude if Ms declination at six 
o'clock, at a place in latitude 50° 48' N., is 21° 16' 30" N. ? 

Atis. 1&' 20'. 



26. A star whose declination is 50° 30' N., wi 
vhen due East, to have an altitude of 64° 51' 
latitude of the place of observation. 
Ans. 58" 28' 45" N. 



( observed 
dnd the 



27. The Sun's declination is 14" N., and his azimuth 
I when rising is N. 65° 41' 45" E. ; find the latitude. 

^^L Atis. 54" N. 

^^v the 



28, What ia the Sun's azimuth, when bis altitude is 
13* 59' 45" at the time of the equinox, in latitude 54° N. ? 

Ans. I icf 4'. 

29. A star situated on the celestial equator is observed 
to have ftn altitude of 40°, and four hours afterwards to have 

f the same altitude ; find the latitude of the place. 
Ant. 42" 4' 45" N. 
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30. What is the star's declination when it nses S.E, 
at a place in latitude 50° S. ? 

Ans. zf 2' S, 

31. The SuQ sets N.W,, and hia declination is 20" N.; 
find the latitude. 

Alls. 61° 4' 30" N. or S. 

32. Where will the San set, in latitude 61° 4' 30" S., 
when hia declination is 20° N. ? 

Ans. N.W. 

33. A star whose declination is 27* 2' S., ia ohaerved to 
rise S.E. at a certain place ; what is the latitude of tUnt 
place? 

Ans, 50° N, or S. 

34. How long will the Sun be above the horizon of a 
place in latitude 50° N. when ita declination is 20° N. ? 

Ans. 15" 25° 40". 

35. How long will the moon he above horizon of a place 
ill latitude 52° 30' N., when ita declination is 20' S. 

Ana. &" li-^sS'. 



day. 



36. Find the time of sunrise at Madeira on the longest 



day. 



4^ 55" 23' *.M. 

37. Find the time of sunrise at Naplr.-a 
y*> 28" 17* A.M. 



shortest 

A 
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j8. At what time of the day will the Sun bear S.E. at 
the time of the equinox at a place in latitude 40" N. ? 



39. At what time a.m. will the Sun be on the twilight 
circle, 18° below the horizon, in latitude 50° N., when it< 
declination is 0°.? 

Ans. 4" S" 4'. 

40. At the time of the equinox the Sun ia observed to 
have an altitude of 60'', and 3 hours afterwards to have the 
same altitude ; what is the latitude of the place. 



Ans. 20° 23' N., or 20° 23' S. 



41. Having given the R. A. of a star 3'' 30" and its 
declination 50° 30' N., calculate its latitude and longitude. 

Ans. Lat 30* 25' 30" N. Long, es" iS'4S". 

42. Having given the latitude of a star 20* N.j and ita 
longitude 75** 40' ; calculate ita R. A. and declination, 

Ans. R, A. 4'' 46" 20*. Dec. 42° 35' N, 



43, Calculate the distimce between a Arietis and the 
Moon, having given star's R. A. I*" 59™ 22', star's declination 
22° 49' 4" N., Moon's R. A. c,^ 1 1" 7% Moon'i declinatioii 
li''8'36"N. 

Ana. 101" 44' 44". 



L 



44. Calculate the distance between the Sun and Moon, 
liavinggivenSiiu'BR.A. 14'' 40™ 36', declination iS°37'5o"St 
Moon's R. A., 10" ll° 53') declination 5° 33' 37" N. 
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4$. Compute the latitude from the following data: — 
Aldebaran. Pollux. 

R.A 4" 28° 14' R.A 7" 37" 7*. 

Dec r6°i4'i2"N. Dec 2S°2o'49"N. 

True Alt. 66° 10' True Alt. . . 58" 49' 

Arts. 37° 49' N. 

46. Compute the true distance between the Sun and 
Moon, from tbe following elements: — 

App.Z.D. .. 59° 30' 12" .. 39° 5' 22" .. 88° 49' 58" 
TrucZ.D. , . 59° 3 1' 44" . . 3iJ° 30' 40" 
Atis. S8° 24' 27". 



47. Find the distance on the arc of a great circle mid 
the latitude and longitude of the vertex — 

(l) Between Bermuda (St. George's) and the Lizard. 
Ang. Distance 2796 milci. Lat. of Vert. 49° 58' ?J 
Long, of Vert. 6° 54' W. 

(2> Between Cape Clear and St. John's, N. P. 

Ana. Distance 1674 miles. Lat. of Vert. 52' i' N. 
Long, of Vert. 21° 22' W. 

( 3) Between Cape of Good Hope and Cape Horn. 

Alls. Distance 3586 miles. Lat. of Vert. 57° 49' S. 
Long, of Vert. 46° 1' W. 

(4) Between Cape of Good Hope and Monte Video. 
Ans. Distance 3586 miles. Lat. of Vert. 41° 1' S. 

Long, of Vert. 19" 28' W. 

Is) Between Cape of Good Hope and Rio Janeiro. 
Ans. Distance 3266 miles, Lat. of Vert. 34° 4 
liong. of Vert. g° 29' E. 



MISCELLANEOOS PaOBLBM 


Pi 


1 


m 


Verifj- the result m the 


following examples 


— 






I. Bermuda ^2° 22'N. 
and 
C. Finisterre 43 54 N. 


64°3o'W.-l 

U650 
9 16W.J 


LiL 01 V. 

43°I0'N. 


:'"■ ' 


2. Lizard 49 58N. 
and 
C»pe Race 46 40 N. 


S iiW.T 

I18S7 
S3 3 W.J 


SI 9N. 




42 w. 


3. Lisbon 38 42 N. 
and 
Halifax 44 44 N. 


9 sw.-i 

^2420 
63 36 W.J 


45 48 N. 


47 


59 W. 


. 4, Callao 12 4S. 
and 

Port Jackaon 33 5 1 S. 


7! 4W.-| 

^<icp3 
IS. 16E. J 


47 S7S. 


.55 


57 W. 


S- -Wreck Reef 22 n S. 
and 
Cape Horn 55 58 S. 


■ ss igE. 1 

^5634 

67 2. W.J 


6923S. 


123 


30 W. 


6. Cape Agulhas 34 51 S. 
and 
C. St. Mary 25 39 S. 


19 57 E. 1 
45 3 E. J 


38 oS. 


7 


IW. 


7. NootkaSound49 34 N. 
and 
Ciiusaa 30 14 N. 


126 29W. "1 

U783 

.23 7E. J 


57 S9N. 


169 


15 w. 


8. Brisljane 27 25 S. 
VaWivla 39SIS. 


■S3 SE. -| 

^5996 
73 35 W.J 


59 47 S. 


134 30 w. 


9. Valparaiso 33 2 S. 
and 
Cape Palliser 4 3; S. 


71 41 w.-| 

W434 
152 16E. J 


45 40 S. 


122 


ISW. 


10. Hobarton 42 548. 
and 
MaakFuera 33 49 S. 


147 21E. J 
So 54 W.J 


62 59 S. 


.50 


56 w. 


Latitudes and Longitudes, for Exam 


)le., p. .50. 






Bermuda 33' 22'N. 64° 


30'W. 


C. G. Hope 


34° 29'S. 


.8° 


23'E. 


Lizard 49 58 N. 5 


IlW. 


Cape Horn 


55 SSS. 


67 


21 W. 


Cape Clear 51 35N. 9 


29 W. 


Monte Vide 


34 53 S. 


56 


13 w. 


StJohu's 47 34 N. 52 


40 W. 


Rio Janeiru 


22 S3S. 


43 


I2W. 










mM 








^^^^^H 


^H 


^^^^^^H 
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AKGLES OF ELEVATION ANS DEPRESSION. 




First, let A be the 
place of the observer on 
the horizontal plane AB, 
C the summit of the ob- 
ject, then CAB is the 
angle of elevation of C. 

Secondly, let C be the 

place of the observer and 

A the object, CD a, hori- 

_, , , . zontal liue throucrh the 

}ntal Diane B i p ^i i 

' place of the observer, 

then DCA will be the angle of depression of A, and these 
two angles will be equal, because AB and CD are parallel 
and AC meets them, therefore they are alternate angleB. 
(Euc. I, 29.) 

On the Solution of Problems in Plane Trigonometry. 

Ex. I. At 120 feet dis- 
tance from the base of a light- 
house, the angle of elevation 
of the top waa found to be 
60° 10'; required the height 
of the lighthouse. 

Let CB be the lighthouse, 
AB, the distance from the base, 
120 feet, CAB the angle ol 
elevation equal to 60° lo'. 

Then in the right-angled 
triangle CAB, we have given 

k the base AB and the angle 

i!.o_rt B CAB to find the perpendicular 
CB, which is the height of the lighthouse. 
By Rule II, for right-angled triangles, 
CB 




^ = Tan. BAG 



CB = AB . Tan. BAC = 
Log. 120 . . 
Log. Tan. 60" 10' 



: 120 . Tan. 60° 10'. 
2'079iSi 
10-241483 



Log. CB . . 
^. CB 



.. 2-320664 
: 2092 lect. 
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Ez. 2, From the top of a towerwhoseheiglit is 124 feet, 
the angles of depression of two objects lying in the same 
horizontal plane with the base of the tower, and in the same 
direction, iire 72° and 48", what is their distance apart? 

Let OC be the tower, 
BAG the horizontal plane, H_„._*!?r^??nMif.^f^*^r£V2i?*f?0 
O the place of the ob- foralUl 

server, HO a horizontal 
line. Make HOB =48° 
and HOA = 72", then 
A and B will be the places 
of the objects. 

Now in the figure 

OBAC, OBA = alt. ,.-- 

angle HOB = 48", and P 

OAC = alt. angle HOA 

= 72°; therefore we can find AOB; for OAC being equal 

toABO + AOB (Euc. 1,32). AOB iseqnal toOAC-ABO 

= 72° - 48* = 24"; or BOA = HOA — HOB = 24*=. 

Hence the three angles being known, if one of the sides 
OA, or OB were known, we could find AB, the side required. 

OA can be found from the right-angled triangle OAC. 



zu„.iat 




For ^ = Cosec. OAC. .-. OA = OC . Cosec. OAC. 

Log. OC = 2093422 

Log. Cosec. OAC = 1002 1794 

Log. AO = 2-115216 

.". AO = I30'4 feet. 

Tills determines AO ; then we have by the Uule of Sines, 

AB : AO :: Sin. AOB : Sin. OBA. 

Log. AO = 2-115216 

Log. Sin. AOB = 9609313 



11-724529 
Log. Sin. OBA= 9-8;io73 

Log. AB = 1-853456 

.:. AB=s 71-36 feet. 

Otherwise, by two right-angled triangles : _ 

rind BC in triangle BOC, and AC in triangle AOCi 

Then BA = BC- AC. 



Ex, 3- A flagstaff A oil the top of a hill is visible from two 
stations B and C, 182 yards apart; the altitude of A taken 
from B is 3" 35' 24", and the angles ABC, ACB are found 
to he 77° 52' and 8S° 18' respectively; find the height of 
the hiU. 



Let AD represent the height of the flagstaff above tha 
horizontal plane BD, and the angle ABD its elevation or 
altitude : B, C the two stations. At B the angle ABC 
between the flagstaflT and the station C is observed. Also 




at C the angle BCA between the flagstaff and the station B 
is observed ; required the height of AD. 

rst. In the triangle ABC the side BC and the angles 
ABC and BC4. are given, and BAC being equal to 
180° — {77° S3' + 88° 18'} or 13° so', we can find AB by the 
Rule of Sines, 

For AB : BC : : Sin. ACB : Sin. BAC. 

i.e. AB : 1S2 :: Sin. 88*> 18' : Sin. 13* 50*- 

Whence AB = 76o'9 yards. 

2nd. In the right-angled triangle BAD, knowing AB and 
angle ABD, we can find AD. 

For AD = AB . Sin. ABD. 

= 760-9 Sin. 3° 35' 24". 

= 47-6 yards. 
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Ex. 4. From a sliip a cape w.ia observed to bear N.W, by 
N. : after slie had sailed N.E. 57 miles, it bore W, by N.; 
find its distiince at both observations. 

Note. — In those cases in whieh compass bearings are 
concernedj it will facilitate the working of the problem if a 
Email cumpasa be drawn at each aiigle of the triangle, thus — 




Let A be the first position of the ship j describe a small 
compass, and fiom its centre draw AC in the direction of 
N.W. by N., the first bearing, and AB equal to 57 milea 
N.E. ; at E describe another compass, and draw BC in tlie 
direction of W. by N. ; then where AC and liC cut earb 
other will the position of the Cape. 

To find AC and EC, the distance of the ship at each 
observation, we have given BAG, the angle between N.E. 
and N.W. bv N., equal to 7 points, and ABC the angle 
between N.E*. (or its opposite bearing S.W.) and W. by N., 
equal to S points, and AB equal to 57 miles. 
BCA=i8o°-(BAC + ABC) = iSo°-(7Iit9. + Spts-)=4pts. 

By the Rule of Siuca, 
AC AB::Sin.ABCLSin.BCA. And BC:AB:;Siu.BAC:Sin.BC A. 



0755S7S 
9-9 19846 
9-675721 
9'S4948S 
0-826236 
AC 



0755S75 
91991574 
10-747449 



0-897964 
6-7 miles, and BC = 79 mile*. 



i 



Ex. S- Two heiidlands hore from a ship N. 41° W., 
' N. 5 1* E, After she had sailed S. g° W. 15 mileB, they bora- ' 
' N- 22° "W. and N, 39* E, Acquired their bearing and \ 
distance from each other. 

Describe a small compasa at A, the first position of tha 
[ iliip,andineasiiring4l°fromN, towards West, lay off the lino 




L of bearing AC, and at 51° from N. towards East the second 
I line of bearing AD. Also lay off AB, 9° from S. towards 
I "West, and let it equal 15 miles, the run of the ship. At B 
I lay off the two lines of bearin;; BC, N.22'*W. and BD, N.sq^E., 
I then C and D will be the positions of the two headlands. 

It is required to find SDC, their bearing from ench 
I other, and CD tbeir distance apart. 

lat. In triangle BAD, we have given:— 
iBADbetweenN. Si°E. and S. <fW.= i38°iTo find BD 
J^ED ,, N. 9 E. „ N. 39 E. = 30 ^ by the Rule 
ADB „ N. 39 E. „ N. SI E. = 12 ) of Sines. 
.-. BD : AB :: Sin. BAD : Sin. ADB 
i.e. BD : 15 :: Sin. 138° : Sin. 12° 
Whence BD = 48-28 miles. 
2nd. In triangle ABC, we have given : — 
I ABC between N. g^E. andN.22'' W. 



N.41 W. 
N.22 W. 



S. 9 W. = 
N.41 W. = 
BC : AB :: Sin. CAB ; 
BC : IS :: Sin. 130** 
Whence BC = 353 u 



les. 



To find BC 
by the Uula 
of Sines. 

. ACB 

■ 19° 



3rd. Then in triangle DBC, we have given the two sides, 
DB, BC, and the included angle DBC (equal to 30" + 3 1", or 
61"), to find BDC by the Rule of Tangents; this added to 
CDB will give SDC, tlie bearing of C from D. 



Tan.nC-D): Tan.i(C + D) :: ED-BC : BD + BC, 



CBD = 61° o' BD = 48-28 

iSo BC = 35'30 



2 j iig 


LD-BC= 12-98 
BD + BO = 83-58 


i(C+D) = 59 30 




.-. Tau.l(C-D) : Tan 


59° 30' :: 12-98 : 83-58. 


10-229352 


To fmdtlte Bearing. 


rii3275 


CDB = 44° 43' 45" 
SDB = 39 


"■343I27 

1-932102 


.-. SDC = 83 43 45 


9-421025 




i(C-D;=i4°46'l5" 


Therefore C bears from D 


i(C + D) = S9 30 


S. 83° 43-45" W. 


D, or CDB = 44° 43' 45" 





- 



4th. Lastly, in triangle CBD we have given two angles, 
CDB, CBDj and the aide CB, to find CD by the Rule of 
Sines. 

.-. CD : CB ; : Sin. CBD : Sin. CDB. 

i.e. CD : 35-3 : : Sin, 6i° : Sin. 44° 43' 45". 

Whence CD = 4387 miles, their distance apart. 

Ant. Bearing S. 83* 43' 45" W. Distance 43-87 mile». 
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Ex. I* To prove that the altitude of the pole is equal to 
the latitude of the place. 



In the fig. ZE is 
the arc of the me- 
ridian intercepted 
between the zenith 
of the place and the 
equator, and is there- ^ 
fore equal to the 
latitude, also PH is 
the altitude of the 
pole. 

Now, 
and 




PE = 90^ 
ZH = 90^ 
PE = ZH, 



Take away the common part ZP, 



Then, 
or, 



ZE = PH 

Lat. = alt. of pole. 



Ex. 2. Given the latitude of a place, 30° N., and the 
altitude of a heavenly body 35° when on the meridian; 
find the declination. 

In the same figure, let ZE = 30®, and XH, the alti- 
tude of the body = 35®, then, to find EX, we have 

EX = ZH - (ZE + XH) 

= 90^ - (30^ +35^) 

= 25<> 

And as X is south of the equator, the declination is 25^ S. 

M 
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Ex. J. Given lat. 41;'' 30' N., Sun'a altitude 40° 20*) and 
dcci illation 15° 30' N. ; to find the apparent time. 
(See Figure, p. 143.) 

Draw the meridian ZNH', and the horizon HH'; take 
H'P equal to tlie latitude, 45° 30', and draw PP; make PE 
eiiual to 90* and draw the equator EQ; let Hn = 40° 20', 
the altitude of the body, and Ed = 15° 10', its declination; 
and draw the parallels aa, dd; then where they intersect will 
be the place of the Sun, as S. Through this place draw the 
circle of declination PSD, and the circle of altitude ZSA. 
Tlien, in the spherical triangle ZPS, we shall have given, 
ZP the colat., PS the polar dist., and ZS the zen. dist.; to 
find ZPS, the appareut time by Rule I, p. loS. 
To find the Three Sides. 



go" 



90" 



Lat. = 45 30 Dec. 15 
ZP = 44 30 rs = 74 30 



go* & 

Alt. 40 20 



Tu 


calculate the 


Apparent Time. 


ZP 
PS 


- 44° 30" 
• 74 30 


Cosec. -154338 
Cosec -016000 


ZS 


30 
■ 49 40 






79 40 
19 40 


iHav. 4806557 
|ll«v. 4'232444 



9^209429 

Apparent time, 3'' 9™ 51". 

If the body is West of the Meridian, this is the time p.m.; 
if East, it must be subtracted from 24", because it wants so 
much to noon. This may be accomplished by taking out the 
time at the bottom of the table of Haversines. 

It is evident that the Sun's aaimutt PZS can be found 
iVoio the same data as above. 
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Ex, 4* Given lat. 
40® N., and declina- 
tion 20® N.; find the 
time when the Sun 
will be on the prime 
▼ertical, and its alti- 
tude^ at that time. 

Here Z P = 50^ 
PS = 70^ and 
P Z S = 90®, because 
the prime vertical 
cuts the meridian at 
right angles. 



+ + -^ + + + 

Cos.P=Tan.ZP.Cot.PS. And Cos. PS = Cos. ZP.Cos. ZS 




Tan. ZP 10076187 
Cot. PS 9-561066 

Cos. P 963725 3 

12 
7 42 50 A.M. 



or, Cos. ZS = Cos. PS . Sec. ZP. 

Sec. ZP 10-191933 
Cos. PS 9*534052 



Cos. ZS 9.725985 
ZS = 57'' 51' 15" 
90 



Alt. = 32 8 45 



To find the Amplitude. 

If S' be the place of the Sun at rising, O S' is its ampli 
tude, and P H'S' being a right angle, we have by joining P S' 

+ +• + 

Cos. PS' = Cos. PH' . Cos. S'H' . 

or, Cos. S'H' = Cos. PS' . Sec. PH'. 

This gives us S' H and its complement O S' which is the 
amplitude. 

M 2 



1 62 
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To find the Time of Sunrise and Sunset. 

Join Z S'; then, Z S' being a quadrant, or 90*^, we have in 
triangle Z P S', 

- + + 

Cos. P = -Cot. P S' Cot. P Z 

Cot. PS' = 9-923813 
Cot. P Z = 9-561066 



Cos. P = 9-484879 

/^ 48™ S2» 



12 



Z P S' =711 8 P.M. Time of Sunset. 
12 



4 48 52 A.M. „ Sunrise. 



The same may be found from the right-angled triangle 

p s' ir. 

For Cos. P = Tan. P H' . Cot. P S'. 

9-923813 
9*561066 

9-484879 

II PS' = 4^ 48°* 52» 4.M. Time of Sunrise. 

12 



Z P S' as 7 1 1 8 P.M. Time of Suuftet. 
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GREAT CIRCLE SAILING. 



Example. 

To find the distance on the arc of a great circle between 
Cape Clear and Cape Race ; also the latitude and longitude 
of the vertex, projecting the figure on the plane of the 
Equator. 



(i) To find the sides PC, PR, and 



aagle P in triangle UPC. 




fjrv/o 



Lat. Cape Clear 51® 25' N. Lat. Cape Race 46® 40' N. 

90 90 

Colat. PC . . 38 35 Colat. PR . . 43 20 

Longitude of Cape Clear . . 9° 29' W. 
„ „ Race ..53 3 W. 



Diflierence of Long., RPC . . 43 34 ] 

(2) To find R C, the distance. 
RPC= 43^34' Hav. 9-138977 

I'C = 38 35 Sin. 9794942 
PR = 43 20 Sin. 9*836477 

Diff . . 4 45 8770396 = Hav. e 

.•o = 28° & 

Vers. 45*45' = 0003434 
Vers. 28 6 == 01 17873 



0121307 = 28° 31' (RC.) 

60 



Distance 171 1 miles. 
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(3) To find Si 
equator). 

Sin. K : Sin. P 



R ^of the angle nearest to tlie 
n. PC 1 Sia. EC. 



9S3S344 
97 9494^ 
19-633286 
9'6;8S9S 



Sin. E ■- 



995439 ■ 

Next, draw tlie arc PV perpendicular to EC, then V w 
be the Vertex. 



f 



(4) To find the Lat. of Vertex. 

Sin. PV = Sin. PR, Sin. E. 
9' 836477 



9"9S439t 



9790868 
VY = 38° 9' 30" 



(5) To find the Long, of Vertex. 

Cos. VPR = Tan. PV, Cot. PR. 

9-895282 
10025281 

9-920563 



= 38° 
90 



Diff. Long, VPR= 33° 36' 30" E. 

Lnng.ofCapeR!ice53 3 O W. 

Lat. of Vertex 5 1 50 30 N. Long of Vertex . . 19 26 30 W. 

. 51° so' 30" N. 



Ans. Diat. 1,711 miles. Lat. of Vertej 
Ijong. of Vertex 19" 26' 30" W. 

When the places are in south latitude, we may suppose 
ourselves to he lookino; down from the plane of the Equator 
to the South Pole ; the projection will therefore be similar to 
that on the preceding page- 
la finding the position of the Vertex employ that 
triangle which has the greater hypotheneuae, as by so doing 
any ambiguity that might arise may he avoided. 

Oil. The following logs, repeat ;— Sin. PR, Sin. PC 
and Sin. B. Also Sin. PR and Cot. PB., as well as Sin. PV 
and Tan, PV may be taken out at the same opening. 




I6S 

There are two reasons for finding the latitude and longi- 
tude of the vertex : — 

Kretj in order to ascertain the highest latitude the ship 
will reach ; and, secondly, by means of the position of the 
vertex to determine the positions of certain points or stations 
on the great circle track. 

In practice, it would he impossihle to keep a ship 
1 Bctually on the great circle, as it would be necessary to alter 
F course every instant. 

It is usual, then, to select certain stations on the great 
circle, a few degrees of longitude apart, and to navigate the 
ship from one to another by Mercator's Sailing. The sliip's 
track is thus broken into a number of atraight lines ; but, if 
the stations are taken not too far apart, the sum of all these 
sti-aight lines will not much exceed the distance on the great 
circle. 

The meaning of the foregoing will be best seen from the 
following example : — 

Suppose that stations A, B, &c., three degrees of longi- 
tude apart, are laid down on the arc RC to the eastward 
of V, and that othersj C,D, &c., are laid down to the west- 
ward of V, and let A and C be each 3° of longitude from V : 
it is required to calculate tlie positions of A,B, and C,D. 

To find the Longs, of A and B. To find the Longs, of C and D 
Long, of V .. I9°26'W. Long of V .. ig^z&Vf. 
riff. Long. .. 3 o E. Dirf. Long. .. 3 o W. 



Long, of A 
Diff. Long. 



Long, of B 



16 26 W, Long of C .. 22 26 W. 
3 o E. Diff. Long. . . 3 o W. 



Long of D .. 25 26 W. 



And so on for any number of atat'ona. 



I 

J 



To find the latitude of each of the points A, B, 
join PAj PS, &c. 

Then in triangles VPA, VPB, &.C., we have 
C.s.VPA=Tan,PV.CotPA; CQ3.VPB = Tan.PV. Cot.PTi, 
whence 

Cot.PA=Cot.PV.ro8.VPA,andCot.PB=Cot.PV.CQs.VPB, 
or. Tan. Lat. A = Tan. Lat. V.Cos. VPA, 
and Tan. Lat. B = Tan. Lat. V.Cos. VPB; ^ 

■where VPA = 3°, VPB = 6°, &c. H 

Thus we find the latitudes of the jioints A, B, &o, 

It is evident, fiom equal triangles, that places situated 
on opposite sides of PV, and the same number of degrees of 
longitude from it, will have the same latitude. Hence the 
latitude of C and D will be the same aa those of A, B, &c 

The course at cither of the points C, B, A, &c., may be 
determined from the formulie : 
Cos.C = Cos.PV.Sin.VPC, Cos.E = Co3.PV.Sin.VPB,&c. 

In practice, the positions of the different points A,B,C,D, 
&c., foimd as above, are laid down on a Mereator'a 
Chart, and the ship is navigated from one to another by 
Klercator's Sailing. 



